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Abstract

This study is motivated by observations that the economic recovery after a financial
crisis is somewhat slow. We concentrate on the impact of debt deflation on the households,
and more importantly, how does the shrinkage of household net worth hinder the recovery
of the economy. The idea is that households are “locked in” by “nominal contracts”, such
as mortgages, when the value of their properties is dropping. We builds a simple dynamic
general equilibrium to examine the validity of this commonly cited cause of a slow recovery.
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1 Introduction

This study is motivated by observations that the economic recovery after a financial crisis
is somewhat slow. Japan is a classic example. A decade after the bubble burst, Japan is
still having difficult to reclimb to the higher growth era.! It has been suggested that the
highly leveraged credit market plays an important role. This paper takes this position
seriously and builds a simple dynamic general equilibrium to examine the validity of this
commonly cited cause of a slow recovery.

Much literature has devoted to the understanding of debt deflation on the borrowing
capacity and thus investment of firms and corporations, which is broadly referred to the
balance sheet effect. (citations to be added) In this paper we concentrate on the impact
of debt deflation on the households, and more importantly, how does the shrinkage of
household net worth hinder the recovery of the economy. The idea is that households are
“locked in” by “nominal contracts”, such as mortgages, when the value of their properties
is dropping. As a negative shock sets in, households are earning lower income while
obligating the same (nominal) mortgage payments. More importantly, the slump of real
estate prices may render the liabilities of mortgage payments in excess of market value of
the property, leaving the households with negative net worth. This furthermore restricts
households’ consumption, investment and financing capability. Even more, households
may be voluntary to cease on mortgage payments, or may be forced to default. When
more houses are seized by their financiers and auctioned off in the market, this further
depresses housing prices. Therefore, recession is prolonged and recovery is delayed.

A sketch of the model is following. Consider an overlapping generations model with
three-period-lived households/producers. There are two goods — a non-durable consump-
tion good and a durable residential property. At the first period of a household’s life,
she works, purchases a housing with a down payment, and invests. In the middle-aged
period, she pays off the mortgage payment (durable consumption), if affordable. When
old, the household sells off the property and consumes.

When a negative exogenous shock hits, the old generation simply sells off their prop-

erties at whatever the value is, consumes, and exits from the economy. The young may be

!For instance, see Krugman (1998) and the reference therein.



able to purchase housing at a lower price, but she also earns a lower income and invest-
ment returns, and lower expected future housing value. The behavior of the middle-aged
is crucial. If they expect that the property value next period is going to be very low, they
may choose to default on mortgage payment (In case there is credit constraint, they may
be forced to default). As more houses are auctioned off by their financiers, the property
value is further depressed.

This paper tries to explain why a high “real” growth may not reflect the true state
of the economy when there is a deflation, particularly, debt deflation.? We guess that
may be economists are accustomed to think of economic performance in real terms. The
paper tries to argue that different measures of economic performance may be desirable
under different economic environments. In the paper when the dynamic paths can not be
explicitly characterized, simulations will be called for to understand the impulse response
of an exogenous shock. (More)

A paper that is close to ours is Schneider and Tornell (2000). They distinguish two
sectors, Tradable (T) and Non-tradable (N) sectors. A benefit of distinguish these two
sectors is that the real exchange rate is the ratio of prices of the two sectors. Since foreign
bonds are denominated in T goods, a real depreciated (or relative price change) causes
a twin crisis. They show that, after the shock, the N-sector recovers slower than the
T-sector due to the balance sheet effect.

The organization for the rest of the paper is as follows. Section 2 outlines a benchmark
model in which credit markets are perfect. Section 3 examines the effects of a productivity
shock and an interest rate shock. The model is simulated to see the quantitative properties
of a exogenous shock. Section 4 extends the basic model to an imperfect credit market

version. Section 5 concludes.

2A recent observation can be found in Kent and Lowe (1998). They compare the two asset price busts
in the early 1970s and late 1980s in Australia. They find that the percentages of asset prices drop in real
terms were approximately the same for both cases. However, since the inflation rate in the late 1980s
was much lower than that in the 1970s, the percentage of price drop in nominal terms of the former was
three times larger than the latter, and thus the subsequent recession was far more severe and persistent
in the 1980s.



2 A Baseline Model

Time is discrete and the horizon is infinite. There is a small open economy which takes
the world interest rate R; as given. This artificial economy is populated by a sequence
of three-period lived, overlapping generations. The population of each cohort is constant
and is normalized to unity. There are two goods — a consumption good that is not durable,
and the durable residential property. Agents are endowed with one unit of labor when
they are young. We adopt the formulation from Greenwood and Hercowitz (1991) The
total stock of residential property is assumed fixed in supply, denoted as 2H. (to be
added)
At time ¢, t =0, 1,2, ..., the agent maximizes life-time utility (Problem P)

om l1-0o ° l1-o hy 1—0 B l1-0o
ma,xﬂ( 1t+1) +62( 1t+2) +'7( t) +’}/ﬁ( t+1)
— -0 1—0 1—0
s.t. Wily > 0QuhY + kI, (1)

Rt+1kﬂ1 > Zil + [(1 - w)chi’Rm + ¢Qt+1hﬁ1 — Q1 (1 — 5%?] + kf+2» (2)

Risoki s + Quia(1 = 0)hfy = CPpy + (1 = ¥)Qurhi} Repo, (3)

where (1), (2) and (3) are the budget constraints for the first, second and third period of
their lives respectively. Equation (1) says that the only source of income in the first period
of life comes from the wage bill, and it will finance both the downpayment ¥ Q;h} for h}
units of housing, and the saving £}, . In the second period of life, as equation (2) describes,
the agent will receive interest income R, &7}, and spend it over non-durable consumption
Cyt,, paying the full mortgage debt (1 — ¢)Q¢h{ Ry11, the downpayment for new housing
units 9Q;41hy%, net of the revenue from selling the old housing —Q;41(1 — 6)h{, and the
remaining part will be saved k{., ,. Equation (3) formulate the budget constraint for the last

period of life. The agent recevie income from selling the housing Q;12(1 — )R}, as well
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as from saving R, 12k7, 5, in order to finance the expenditure on non-durable consumption
C?., and also the remaining mortgage debt (1—1)Q¢1h}}, Rito. Neither debt nor bequest
will be left. Some implicit assumptions have been made in these equations. First, the
international capital market is “efficient”: the agents can borrow from the international
capital market for domestic mortgage lending. Second, in (2) and (3), is the assumption
that a fraction 6 of the housing units will depreciate and the owners will provide repair
and maintainance so that the physical unit to be sold out is still A} at unit price Qs
at time ¢ + 1 (h}}, at unit price Q4o at time ¢ + 2) whereas the actually amount that
the owners will receive, after paying the repair and maintainance, is only Qy41(1 — 8)h!
(Qe41(1 —8)R}). For simplicity, we further assume that the labor is supplied inelastically
and by normalization, thus [, = 1, Vt. It is assumed that the utility function is well
behaved, (3,7,0 > 0. Notice that the agent pays only a fraction ¢, 0 < ¢) < 1, of the
total value of the housing unit in the fraction when he/she purchases the unit in the first
period. Yet when the agent sells it of in the third period, the agent will get full payment
from the bank of the buyer within the same period. Implicitly, a costless intermediation
technology is assumed. We also assume that the consumption, and investment on housing
in all periods are non-negative, (C[FH, 7 00 Y, }Z?H) > 0. However, we allow for £} |, k7,
to be negative. The intrepretation is clear. If k7 , (k}?;) is negative, it means that the
middle-aged (old aged) agents are borrowing from the capital and since there is no risk
involved, the interest rate for such borrowing is equalized to the rate of return from capital
investment. For future reference, we use the a shorthand to represent all these variables,
O, = {Cty, Cuy, Ky, k§y, kY, BT }. For simplicity, this paper will take the usual
small open economy assumption that the interest rate is constant over time, R, = R. In
the appendix, it is shown that ©; can all be solved as functions of parameters and prices,
P, = {Wi, Qi, Qui1, Quya}-

The production side is very simple. There is an aggregate production function which

combines capital and labor and convert it into output,
Y, = Ay (Ky)* (L)' ™, (4)

where 0 < a < 1, and A; is the technological coefficient or “productivity” at period ¢.

Alternatively, we can interpret the artificial economy as a small open economy, which



produces only to export. In that case, the term A also reflects the real exchange rate.
The input market is competitive, and therefore the input prices are simply the marginal

product of the corresponding inputs,

At the equilibrium, several market clearing conditions are to be met. First, labor
supplied by young is fully utilized. Second, the capital in production are jointly supplied
by domestic middle, domestic old agents and investment (from or to) foreign countries

(k{). Third, the output are either consumed or invested. Formally, it means that

Lt — lt — ]_, (6)
Ky =k 4+ K+ k], (7)
Y, =C"+CO 4+ kM + K2, (8)

Implicitly in (7), we assume that investment from foreign countries (if k,f > 0) will con-
tribute to goods production totally symmetric to domestic investors, and their existence
ensure that the return of capital in the domestic market is equal to the world capital
market. When domestic agents invest in foreign countries, i.e. k:f < 0, we assume that
they earn exactly the same return as they would in the domestic market. Finally, the
housing market should also clears, which means that the amount of houses being sold and

being bought are the same, and equals to the total stock,
hi +h* = hi | + h",, Vt. (9)

Here is our solution strategy. We first characterize the steady state. And then we
examine whether the existence and uniqueness of steady state. We will then study the
impact on the economy if there is an temporary unexpected shock in technology or policy.

Clearly, if A, = A, i.e. when there is no fluctuation in productivity, at the steady
state, all choice variables and price variables are invariant of time, ©;, = ©* = {C™*, C°*,

km*7 ko*’ hy*, hm*} and ]Pt — ]P* — (W*, Q*7 Q*, Q*)
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3 Shocks

In this section, we consider different shocks to the system and examine how would the
economy responds. Assume that the economy is originally at the steady state. Then
some shocks hits the economy unexpectedly. We will focus on how the aggregate variables

change. The first shock being study is a temporary productivity shock.

3.1 Temporary Productivity Shock

Consider the following scenerio. At the beginning of time T'— 1, the economy is informed
that the productivity A at Time T will go down a lower level A, A < A, and the pro-
ductivity will be back to the “normal level” (or the steady state level) A in subsequent
periods. Since the foreign interest rate R is unchanged, the capital stock must adjust. In

particular, The capital stock and hence the wage at time T will be lower than the steady

OéA 1/(1—a) OCA 1/(1—a)
Kp= (22 o — K* 10
. (R) <(R) , (10)

Wr = ()01 = a)(a/R)¥ =) < W, (11)

state level,

By definition, the capital stock at time T is pre-determined by the investment in earlier

period. In particular, we know that
Kp = KJ' + k. + kJ.,

where k2 = Wr_1—Qr_1hr_y and k% = REZ | —Ci | — [(1— ) Rr_1Q*h¥* + pQr_1hi2 ]
+Qr_1(1 — 6Ly ,, since Qr_o = Q*, h¥_, = h¥*. From period T + 1, however, the pro-

ductivity and hence the wage will return to the “normal level,”
AT_H — A, KT_H - K*, (12)
1 =1,2,... It implies that

g + K 4k, = Ky = K7 (13)



To completely describe the dynamics, it is necessary to describe the consumption and
investment choices of different cohorts. For those who were born at 7' — 3, they become
old-aged at time T'— 1, and simply consume when they get from selling housing stock and

capital income,

0%71 - Rk%q + QT—I(l - 5) ?72 - (1 - ¢)RQT—2h?72
= RE”™ +h™[(1-6)Qr_1 — (1 —1)RQ],

as all the investment made in previous period cannot be changed. The consumption of

the old agents are changed only through the change of the re-sale value of their houses.
For those who were born at T'— 2, they have purchased housing stock at period T'— 2

and become middle-aged at time T" — 1. Therefore, they face a “truncated” Problem P:

m l1-o o\1—o m l1-o
( if—_l) +6(CT_) +7( T—_l)
o l1—0 l1—0

max .3

st RE™ > O+ [(1— 9)Q R R+ ¢Qr 1 hi ) — Qr (1 — 8)h¥*] + k%,
(14)

Rk + Qr(1 = 8)hy = C7 + (1 = ¢)Qrah7 R, (15)

taking k7', and h¥_, as “initial conditions,” and the fact that the variables at time
T —2isat Qr_o = Q*, k., = k™, hY._, = h¥*. While the details of the analysis is
provided in the appendix, some observations can be made heuristically. Notice that the
expenditure (1 —1)Q*h¥*R is precommitted. And if the anticipated productivity shock
leads to a drop of housing price in the current period, it means that the income from
re-sale Qr_1(1 — 6)hY* will decrease. It might lead to a drop in current consumption,
future residential expenditure and investment, which would affect future non-durable
consumption as well.

For those who were born at time T'— 1, they are aware that the wage willbe depressed
at time 7', but their own wages will not be affected. On the other hand, they need to take

the housing price deviations (from the steady state) in time 7' — 1 and following periods
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into consideration. They also solve Problem P. For those who were born at time 7', they
also solve Problem P, except that the steady state wage rate W* is not replaced by a
lower wage level, Wr. And for those who were later than that, they also solve Problem
P, taking into consideration of the change in housing prices.
Since we are unable to solve the transition path analytically, we will follow the ap-
proach of Cooley and Ohanian (1997), Ohanian (1997) to solve the dynamics numerically.?
(Simulation results: To be added)

3.2 Temporary Interest Rate Shock

In this section, we will consider the interest rate shock and examine how would the econ-
omy responds. Assume that the economy is originally at the steady state. A temporary
interest rate shock hits the economy unexpectedly. The aggregate variables will hence
change. Formally, the economy is already at the steady state before period T. At time
T — 1, the economy is informed that the interest rate R goes up a higher level R, R > R
at time 7', and the interest rate will be back to the normal level R in subsequent periods.
Since the productivity A is unchanged, the capital stock must adjust. In particular, The

capital stock and hence the wage at time 7" will be lower than the steady state level,

QAN /=) QAN /=)
. ( = ) < ( - ) , (16)
Wi = (1 — a)a®/ (- (4)/(0-a) (R)-a/(-a) ~ p=, (17)

By definition, the capital stock at time 7' is pre-determined by the investment in earlier

period. In particular, we know that
Kp = KJ' + k. + kF.,

where k7' = W*—¢Qr_1hY_, and k§ = REP , —C7, — [(1 — ¢)RQ*hY* + Qr_1 ]
+Qr-1(1 — 8)hY 5, since Wr_y = W*, Qr_o = Q*, h¥._, = h¥*. To completely describe

3 A merit of this approach is that it can solve a pretty board class of dynamic model and minimize the
accurary loss due to approximation. The parameter values imposed will be based on the survey paper by

Cooley and Prescott (1995). The details will be explained in the appendix.



the transition of the artifical economy, it is necessary to describe the consumption and
investment choices of different cohorts. For those who were born at 7' — 3, they become
old-aged at time T'— 1, and simply consume when they get from selling housing stock and

capital income,

0%71 - Rk%q + QT—I(l - 5) ?72 - (1 - ¢)RQT—2h?72
= RE”™ +h™[(1-6)Qr_1 — (1 —1)RQ],

The consumption of the old agents are changed only through the change of the re-sale
value of their houses.

For those who were born at T'— 2, they have purchased housing stock at period T'— 2
and become middle-aged at time T" — 1. Therefore, they face a “truncated” Problem P:

m l1-o o\1—o m l1-o
( if—_l) +6(CT_) +7( T—_l)
o l1—0 l1—0

max .3

st RE™ > O+ [(1— 9)Q R R+ ¢Qr 1 hi ) — Qr (1 — 8)h¥*] + k%,
(18)

Rk7 +Qr(1—8)h7y > C7 + (1 = )Qrahy R, (19)

taking k7', and h¥_, as “initial conditions,” and the fact that the variables at time
T —2isat Qr_o = Q*, k., = k™, hY._, = h¥*. While the details of the analysis is
provided in the appendix, some observations can be made heuristically. Notice that the
expenditure (1 — ¢)Q*h¥*R is precommitted. And if the anticipated productivity shock
leads to a drop of housing price in the current period, it means that the income from
re-sale Qr_1(1 — 6)hY* will decrease. It might lead to a drop in current consumption,
future residential expenditure and investment, which would affect future non-durable
consumption as well.

For those who were born at time 7' — 1 and 7', they are aware that the interest rate
will rise at time 7. They also need to take the housing price deviations (from the steady

state) in time T'— 1 and following periods into consideration. They solve Problem P. For
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those who were born at time T+ 1 or later, they also solve Problem P, except that the
interest rate restores to its steady state level R, rather than R.

(Simulation results: To be added)

4 Extension: Capital Market Imperfection

In the earlier section, we have assumed that the representative agent is subject to the
collateral constraint and yet they are allowed to freely borrow for consumption and in-
vestment at the world interest rate. Also, the agent is not allowed to adjust the amount
of the residential investment they made in the frist period of life. In this section, we
will realx these assumptions and examine how the aggregate implications will change. To
achieve this, the model will be modified as follows. First, we appeal to the imperfect
enforceability of fianncial contracts considered by Kiyotaki and Moore (1997). The credit

constraints of a household when young and middle-aged respectively are given by

IN

m
bt+1

Qerlht?
?+2 < Q§+2htv (20)
where ()7, is the expected date ¢ 4 1 housing price given information at date ¢. The

representative household then maximizes his life-time utility

cm 1-c o l1-c h 1-o A l1—0
( 1t+1) +ﬁ2( 22) +5( +) Jr7ﬂ( t4+1)
—0 l1—0 l1—0 1—0

max .3

s.t. Vtht + bﬁl Z ¢cht + kﬁl’ (21)
Riakity + 620 > Reab + Oty + (1 — ) R Qehy + Ky, (22)
Ripokf o+ (1 = 8)Quiohy > CF g + Rigab?, s, (23)

m o m o
and 0%y, b7, 9, ki1, Ky 2 0.
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5 Conclusion

(To be added)
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Appendix
(NOT for publication; available upon request)

A Calibration

The rest of the calibration procedure is standard and the parameter values are summarized

in the following table:

Parameter | Numerical Value | Source
10%
A 1 (normalization)
a 0.33 Cooley and Prescott (1995)
3 0.7, 0.8, 0.9
(0,7) (2.0,0.5), (0.5,2.0) | (various)
R 1.04

The absolute level of A is important probably well known. Here, we follow the liter-
ature to normalize it as unity. We choose a@ = 0.33 so that the labor share of aggregate
income is 1/3, and it is within the range of the calculation of Cooley and Prescott (1995).
We do not know the value of § and therefore we simply experiment diff values of them.
There is no concensus about the depreciation rate of housing capital, 6 and we choose
10%, which is in line with most of the studies. R is set at 1.04 to reflect 4% real interest
rate a year. We find that the values of o0 and 7 cannot be separately identified. Our
target for calibration is that (1) the relative value of housing capital relative to the busi-
ness capital, @*(h¥* + h"™*)/K is in between unity and ten (this statistics seems to vary
across countries), and (2) the ratio of aggregate consumption relative to the aggregate
output (C™ + C°*) /Y is close to 60%. We also learn from Cooley and Prescott (1995)
that the reasonable range of o is that 1/2 < ¢ < 10, and from Greenwood and Hercowitz
(1991) that the reasonable range for v is that 1/2 < v < 2. We have experienced many
different combinations of (o,~) and find that the two combinations which gives the most

reasonable outcomes are (2.0,0.5), (0.5,2.0).
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As it is well known, there is no general procedures to compute transitional dynamics.
The computation procedures here follow Cooley and Ohanian (1997), Ohanian (1997).
First, we assume that the economy is at the steady state (period T'). Then the shock
comes and we assume that after T periods the economy will be restored to the steady
state (period T'+T™). We write down all the first order conditions and market clearing in
between T'—1 and T+ 7. And then we solve them as a system of simultaneous equations.

We can then adjust 7™ to examine the sensitivity of the results.

B Proofs

B.1 Solve for (C}},Cf o, k"1, k)9, h{,1;) in terms of P, (baseline

case)
We intend to solve for the optimal choices for an individual, taking prices, P, = (W, Qy, Q11, Qi12) ,
as given. Let A1z, Agr, A3t be the Lagrange multipliers for the constraints (1), (2) and (3)

respectively. Furthermore, we assume that Cy; > 0, C7 5, > 0, hy > 0, kit # 0, kf .y #0

respectively. Imposing the constant interest rate condition, the first order conditions are

B(CH) ™7 = A,
BCP) ™ = A,

V()™ 4+ Aat(1 = 6)Qri1 = Q[P + (1 — )M R,
VB(h1) ™7 4+ Aae(1 = 6)Qria = Qupa [YAar + (1 — ) Az R],
AR = Ay,

AR = Ay

The system of equations can be reduced to

Cey = (BR)V7 CIL, (24)

1/o
_ (™ g
M=) [sme—se] =
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5 1/o

h, = (CY : 26
=) |5 = =00 20
Now combining (1), (2) and (3), we get
R*W, = RC}y + Cfy + RhY [QuR — (1 = 6)Qui1] + AT [Qra1 R — (1 — 6) Q2] -
(27)
Substituting (24), (25) and (26) into it, we get
- R2W,
i = - (28)

[R + (ﬁR)l/U] + W (Qr, Qry1, Qt+2)7

where U(Q;, Qui1, Qii2) = (v/8)"/° {R [RQ: — (1 — 8)Qua) 77

+ (BB [RQus — (1= 8)Qua) 7.

Notice that C}, is now only in terms of parameters and prices. Substituting (28) back
to (24), (25), and (26), we can solve for C7,,, h{, h%, respectively. We can deduce k%,
and k7, , by these results with the help of (2) and (3) and the market clearing conditions.

Starting with the factor markets, we know that R = 9Y;/0K;, W, = 9Y;/0L,, which

means that
K — (%) 1/(1—a) | (20)
and
We=(1-a) (%)ama) (A=), (30)

Recall that at the equilibrium, the investments are pinned down by the budget con-

straints. Changing the time indices of (1) and (2), it delivers

k" = Wiy —Qi1hi_y, (31)

kY = RE{™ ) — C" ) — [(1 = )R 1Quahi o + Qi ahi™ | + Qea(1 — )i 5.
(32)

Notice that combining (31) and (32) we get kY = RW;_o—C/"+[Qi—1(1 — 6) — Ry—1Q¢—2] hY_o—
Qth—lhﬁl-
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Now the capital market equilibrium condition (7) imposes that
Ky =k + k) + K,

where K, is given by (29), and k}™ by (31), k7 by (32).

B.2 Steady State Characterization (baseline case)

At the steady state, ©, = ©* = (C™*, C*, k™ k°*, h¥*, k™), P, = P* = (W*, Q*, Q*, Q*) ,
where by (30),

W= (1—a) (E)Q/(H)

B (A=, (33)

which is determined by world interest rate and the productivity level. And by (29),

A V)
K* = <%) . (34)

We assume the solution to be interior. In other words, we proceed with the assumption
that ©* # (0,0,0,0,0). In particular, U(Qy, Qyr1, Qii2) = ('y/ﬁ)l/” {R [RQ; — (1 — 6)Qt+1]7(170)/”
+(BR)" [RQu1 — (1= 8)Qual 7} = (1/8)Y7 [Q" (R — (1= 8)) =7 [R+ (8R) ],
and (28) is reduced to

(™) = Ll @)

R+ (B8R {1+ (/)7 1@ (R — (L= 8))] )

And (24), (25) and (26), become

% — (5R)1/a Cm*, (36)

11/o0

p— g
= s m-a-y) &

B — (0 i g ] 1/". (38)
| BQ* (R—(1-6)) ]
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In other words,

hy*/hm* _ Cm*/Co* _ <BR)_1/07

by (36). Also, notice that (9) is automatically satisfied in the steady state.
Now we need to compute the steady state capital holdings. We know that at the
steady state, there shall be no capital inflow, k/* = 0. To compute k™, we combine (35),

(38) with (31) and get

mak * x\—(1—0o)/o g Ve ok
i == (@) s e, (39

where C™* is determined by (35). To compute £, we combine (35), (36), (38) with (3)
and get

kot = RW* — O™ — Q*hv* {(R (1= &)+ (5}2)1/"} , (40)

where C"™* is determined by (35). And combine (39), (40), with (34) and (7) will determine

the equilibrium housing price Q*,

K* — k:m* + k:O*.

B.3 A negative productivity shock

In this subsection, we will derive the decision rules for agents facing an unexpected shock
in productivity.

Consider the case where the productivity shock will arrive at time 7" and known at
time T — 1. For those who were born at time 7' — 2, they have already purchased some
housing unit at time 7' — 2, h¥_,, and they have consumed the service derived from it.
Therefore, they face a “truncated” Problem P:

(C,;ﬂn_l) 1—0o

o\1l—0o hm 1—co
) (Cr) n 7( 1)

l—0 l1—0

+ 6

max .3

st RE™ > O 4 [(1— 9)Q* R R+ Qr 1y — Qr 1 (1 — 8)h¥*] + k%,
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RE + Qr(1— )W, > Cp + (1 — )Qr1hf R,

taking k7', and h¥._, as “initial conditions,” and the fact that the variables at time 7" — 2

is at Qr_o = Q*, k' = k™, h¥,_, = h¥*. The first order conditions are easy to derive,

(C9) = (BR)" (C3))

o o ~ 1/c
= () B(RQr-—1 — (1 —0)Qr)

Combining these first order conditions with the two budget constraints delivers the for-

mula for C7'_,
Cfy = {R?k™ — R*(1 = ¢¥)Q*h¥* + RQr—1(1 — 8)h**} /Uy (Qr—-1, Q)

where Uy (Qr_1,Qr) = R+(BR)" + (vR)"* (RQr_1 — (1 — 6)Q7) """/ Then we can
recover Cf and h7_; by the first order conditions. Finally, we can use the budget con-
straint to recover the saving for the old-aged period, k% = RE™ —CP* | —{(1 — ¢)Q*h¥*R
+YQr-1hf_y —Qr-1(1 —6)h¥"}.

For those who were born at time T'— 1, they are aware that the wage will be depressed
at time 7', but their own wages will not be affected. On the other hand, they need to take
the housing price deviations (from the steady state) in time 7" — 1 and following periods
into consideration. They also solve Problem P. For those who were born at time 7', they
also solve Problem P, except that the steady state wage rate W* is not replaced by a
lower wage level, Wr. And for those who were later than that, they also solve Problem
P, taking into consideration of the change in housing prices. Formally, for those who are

born at T'— 1, we have

C2.. = (BR)" (41)

W, = (Cp i v 42
T-1 — ( ) B(RQTl_(l_ )QT) ) ( )
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1/c

m __ ) Y
it = (Cta) lﬂ(RQT =80 )

where
R2W*
cm = o : (44)
{R + (BR) } + ¥(Qr-1, Qr, Q1)

where ¥(Qr-1, Qr, Qr+1) = (7/5)1/0 {R [RQr—1 — (1 — 6)QT]7(170)/U
+(BR)7 [RQr — (1 — 5)QT+1]7(170)/0}. And (9) still applies (i.e. the housing mar-
ket at time T — 1 still needs to be clear), h%._; + h* | = hY_, + b5, or

hY. |+ R} | =hY 4+ A

For those who are born at T, the conditions are analogous,

C%+2 - (5R)1/U Cg}+17 (45)
r 5 1/o
M = (CF) | B(RQr — (1 — 5)QT+1)} ’ (46)
r ~ 1/o
P = (Cro) | B(RQry1 — (1 — 5)QT+2)} 7 47
where
RWr (48)

Crii = |
R RY] + Q. Qri, Qre)

where Wi is defined by (1), W(Qr, Qri1, Qrs2) = (7/8)7 { RIRQr — (1 = 6)Qrya] 7
+(BR)Y [RQryy — (1 — 5)QT+2]_(1_0)/U}. And (9) still applies (i.e. the housing

market at time 7T still needs to be clear), h¥ + hi = h¥._| + hJ ,, or
h¥. + R = hi_, + ™"
For those who are born at 7"+ 1, the conditions are analogous,
C%+3 = (53)1/0 sz+2> (49)
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11/o0
J— m /7
Wy = (Cfy) B(RQri1 — (1= 6)Qry2)| 0
i - 11/o
hT+2 = (CT+3) _6 (RQT+2 — (1 — 5)QT+3)_ ) (51)
where
211/ *
o R2W (52)

[R + (ﬂR)l/U] + Y (Qri1, Qro, QT+3)7

where W* is the steady state wage, ¥(Qr41, Qr2, Qr43) = (7/8)"/° {R [RQrs1 — (1= 8)Qrya) 7777
+(BR)Y [RQry2 — (1 — 5)QT+3]7(170)/U}. And (9) still applies (i.e. the housing

market at time 7" + 1 still needs to be clear),
Ry +hp =h +hp .

The case for agents born at later periods are similar and skipped due to the space con-

straint.

B.4 An interest rate shock

In this subsection, we will derive the decision rules for agents facing an unexpected (up-
ward) shock in the world interest rate.

Consider the case where the interest shock will arrive at time 7" and known at time
T — 1. For those who were born at time 7" — 2, they have already purchased some housing
unit at time 7'— 2, hY._,, and they have consumed the service derived from it. Therefore,
they face a “truncated” Problem P:
( C'r'_’p”,l)lfg

1—0

©p ()

+ﬁ1—a l1—0

max .3

st RE™ > O 4+ [(1— 9)Q* RV R+ ¢Qr 1y — Qr 1 (1 — 8)h¥*] + k%,

RES + Qr(1 = 8§)hY > Co+ (1 —¥)Qpr_1h) | R,
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taking k7', and h¥._, as “initial conditions,” and the fact that the variables at time 7"— 2

is at Qr_o = Q*, k' = k™*, h¥._, = h¥*. The first order conditions are easy to derive,

(C9) = (BR)° (c,)
1/c

m o i
hip_y = (C3) 3 (EQTA —(1- 5)QT)

Combining these first order conditions with the two budget constraints delivers the for-

mula for C7* ,

C7y = {RRK™ — RR(1 — ¢)Q*h¥* + RQr_1(1 — 8§)h**} /U5 (Qr-1,Qr)

where U3 (Qr 1,Qr) = R + (BR)"" + (VR)"" (BQr-1— (1-6)Qr) """, Then
we can recover Cf and A7 ; by the first order conditions. Finally, we can use the
budget constraint to recover the saving for the old-aged period, k% = Rk™ —-C7,
—{(1 =Y)Q*W*R +4Qr 1hT | —Qr (1 —6)h¥*}.

For those who were born at time 7' — 1 and 7', they are aware that the interest rate
will rise at time 7. They also need to take the housing price deviations (from the steady
state) in time 7' — 1 and following periods into consideration. They solve Problem P. For
those who were born at time 7"+ 1 or later, they also solve Problem P, except that the
interest rate restores to its steady state level R, rather than R. Formally, for those who

are born at T'— 1, we have

Co., = (BR)V O, (53)

q1/c

_ (m gl

) FhRen 00| oy

~ 11/0
Wit = (Cr) lﬂ(RQT 090 (55)

where

om = RRW* (56)

[R + (ﬂR)l/U} +U(Qr_1, Qr, QT—H)’

23



where ¥(Qr-1, Qr, Q1) = (v/8)"7 { R [RQr-1 — (1= 8)Qr] 7"
+ (ﬁR)l/a [RQr — (1 — 5)QT+1]_(1_0)/U}. And (9) still applies (i.e. the housing mar-

ket at time 7' — 1 still needs to be clear), h%. | + A% | = h¥_, + Wl 5, or
hY. |+ R}, = hY" + ™

For those who are born at T, the conditions are analogous,

C%+2 = (5R)1/U C:Im+1> (57)
r 5 1/o
Yy m

i = () [gmmar =t s %)

r ~ 1/o
it = (Cte) | GTRGrm (1 6)QT+2>1 ’ (59)

where
R2W*

Cr = (60)

[R + (ﬂR)l/U} + V(Qr, Qry1, QT+2)’

where W(Qr, Qa1 Qra2) = (v/8)"7 { RIRQr — (1 = 8)Qr] =7
+(BR)"7 [RQryr — (1 - 5)QT+2]7(170)/U}. And (9) still applies (i.e. the housing

market at time T still needs to be clear), h¥ + hl = h¥. | + R ,, or
h¥. + R = hi_, + ™"
For those who are born at 7"+ 1, the conditions are analogous,

C%+3 = (ﬁR)l/a ij-s-% (61)

r ~y 11/c
h%ﬂ = (Cﬁrrn+2) ) (62)

11/0

hcz"}+2 = (C%Jrs)




where
R2W*
[R + (BR)l/a] + U(Qr41, Qr2, QT+3)7

sz+2 = (64)

where IW* is the steady state wage, ¥(Qr-1, Qr2, Qrs) = (v/8)"” {R [RQri1 — (1= 6)Qrya] =777
+(BR)7 [RQrsn — (1 — 6)QT+3]_(1_0)/U}. And (9) still applies (i.e. the housing
market at time 7'+ 1 still needs to be clear),

W +hp =hiy +hy .

The case for agents born at later periods are similar and skipped due to the space con-

straint.
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