
Wkh Uroh ri +Qrq,wudqvsduhqf| lq d Fxuuhqf| Fulvlv

Prgho

Nhqqhwk V1 Fkdq dqg \1 Vwhskhq FklxW_

Wklv yhuvlrq= Pdufk 5333

Devwudfw= Wklv sdshu h{dplqhv wkh lpsolfdwlrqv ri wudqvsduhqf| ri ixqgdphqwdov2srolflhv

zklfk pljkw eh slyrwdo wr wkh uhfhqw Dvldq fxuuhqf| fulvlv1 Lq d uhfhqw sdshu/ Pruulv

dqg Vklq +4<<;, dujxh wkdw pxowlsoh htxloleuld lq wkh vwdqgdug fxuuhqf| dwwdfn prghov

duh rqo| dssduhqw dqg duh gxh wr dq xquhdolvwlf dvvxpswlrq wkdw doo djhqwv revhuyh

wkh vdph ixqgdphqwdov1 Wkh| vkrz htxloleulxp xqltxhqhvv zkhq djhqwv revhuyh ixq0

gdphqwdov sulydwho| zlwk vpdoo huuruv1 Wkh suhvhqw sdshu h{whqgv wkhlu prgho dqg

vkrzv wkdw/ xqghu d pruh jhqhudo vshfl�fdwlrq/ qrlv| sulydwh revhuydwlrqv lq jhqhudo

duh qrw vx!flhqw wr suhyhqw pxowlsolflw| ri htxloleuld1 Wkh frqglwlrqv xqghu zklfk

qrq0wudqvsduhqf| ghfuhdvhv wkh lqflghqfh ri vshfxodwlyh dwwdfnv duh lqyhvwljdwhg1

MHO fodvvl�fdwlrq frgh= I63

Nh| zrugv= Fxuuhqf| Fulvlv/ Wudqvsduhqf|/ Pxowlsoh Htxloleuld

WNhqqhwk V1 Fkdq/ Ghsduwphqw ri Hfrqrplfv/ PfPdvwhu Xqlyhuvlw|/ Kdplowrq/ Rqwdulr/ Fdqdgd
O;V 7P71 Id{1 +<38, 8540;5651 \1 Vwhskhq Fklx/ Ghsduwphqw ri Ghflvlrq Vflhqfhv dqg Pdqdjhuldo
Hfrqrplfv/ Wkh Fklqhvh Xqlyhuvlw| ri Krqj Nrqj/ Vkdwlq/ Krqj Nrqj1 Skrqh= .;85 593<0::871
Id{= .;85 593608437 ru 09;731 Hpdlo= |zfklxCedi1pvpdlo1fxkn1hgx1kn1 Iru fruuhvsrqghqfh/ sohdvh
gluhfw wr Fklx1

_Zh duh lqghewhg wr wkh fr0hglwru M1 Jdol/ wzr dqrq|prxv uhihuhhv/ dqg vhplqdu sduwlflsdqwv dw
gl�huhqw lqvwlwxwlrqv iru yhu| khosixo frpphqwv dqg vxjjhvwlrqv1 Wkh xvxdo glvfodlphuv dsso|1



41 Lqwurgxfwlrq

Wkhuh duh wzr jhquhv ri prghov rq fxuuhqf| fulvlv lq wkh olwhudwxuh1 Wkh �uvw jhqhud0

wlrq prghov/ d od Nuxjpdq +4<:<,/ h{sodlqhg fxuuhqf| fulvlv iurp wkh lqfrqvlvwhqflhv

ehwzhhq wkh h{fkdqjh udwhv dqg grphvwlf pdfurhfrqrplf ixqgdphqwdov1 Wkh vhfrqg

jhqhudwlrq prghov +vhh Revwihog/ 4<;9/ 4<<7/ 4<<9, ylhzhg fxuuhqf| dwwdfnv dv vkliwv

ehwzhhq gl�huhqw htxloleuld jhqhudwhg iurp vhoi0ixo�oolqj vshfxodwlyh dwwdfnv1 Lq d uh0

fhqw sdshu/ Pruulv dqg Vklq +4<<;d> PV/ khuhdiwhu, vxjjhvw wkdw wkh pxowlsolflw| ri

htxloleuld lq wkh fxuuhqf| dwwdfn prghov lv lq idfw dssduhqw dqg lv gxh wr dq xquhdolvwlf

dvvxpswlrq wkdw doo djhqwv revhuyh wkh vdph vljqdov zlwkrxw huuru1 E| uhsodflqj wklv

dvvxpswlrq zlwk d pruh uhdolvwlf rqh lq zklfk djhqwv sulydwho| revhuyh ixqgdphq0

wdov zlwk vpdoo huuruv/ Pruulv dqg Vklq vkrz wkdw wkh pxowlsolflw| ri htxloleuld lq d

vwdqgdug vhfrqg jhqhudwlrq prgho lv holplqdwhg1 Wklv uhvxow kdv pdgh vhoi0ixo�oolqj

h{shfwdwlrqv dqg wkhlu uhtxluhg eholhi frruglqdwlrq ohvv uhohydqw1

Vlqfh PV ghprqvwudwh wkdw odfn ri frpprq nqrzohgjh ri ixqgdphqwdov/ ru qrq0

wudqvsduhqf| ri ixqgdphqwdov lq wkhlu qrwlrq/ pd| wuljjhu vshfxodwlyh dwwdfnv dv d

xqltxh htxloleulxp rxwfrph hyhq wkrxjk hyhu|rqh nqrzv wkdw wkh ixqgdphqwdov duh

vrxqg/ wkhlu dqdo|vlv xujhv jryhuqphqwv wr dgrsw wudqvsduhqw srolf|1 Wkhlu dqdo|vlv

dovr ohqgv qhz vxssruw wr wkh uhfhqw ghedwh rq wkh fxuuhqf| fulvlv lq Hdvw Dvld1

Uhvhdufkhuv lq wkh ghedwh dujxhg wkdw lw lv wkh forvh dqg qrq0wudqvsduhqw uhodwlrqvklsv

dprqj Dvldq jryhuqphqwv/ �qdqfldo lqvwlwxwlrqv dqg odujh frusrudwlrqv wkdw fuhdwhg

vhulrxv prudo kd}dugv1 Forvh jryhuqphqw wlhv ohg wr h{fhvvlyh jxdudqwhhv1 Wklv/

wrjhwkhu zlwk wkh odfn ri wudqvsduhqf| lq wkh vxshuylvru| uroh ri wkh Dvldq �qdqfldo

lqvwlwxwlrqv/ ohg wr ryhu0lqyhvwphqw lq vshfxodwlyh dqg xqsurgxfwlyh surmhfwv1 Wkhvh
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ryhu0lqyhvwphqwv/ frpsrxqghg dqg vhoi0uhlqirufhg/ guryh wkh Hdvw Dvldq hfrqrplhv

lqwr wkh fxuuhqf| fulvlv +vhh Fkdqj dqg Yhodvfr/ 4<<;> dqg Nuxjpdq/ 4<<;,1 Wkh

vwxg| ri PV vxjjhvwv wkdw qrq0wudqvsduhqf| dorqh/ zlwkrxw wkh uhtxluhphqw ri prudo

kd}dugv/ lv vx!flhqw wr jhqhudwh fxuuhqf| dwwdfnv dv kdg zlwqhvvhg lq Hdvw Dvld1

Wkh PV prgho/ wrjhwkhu zlwk qhz uhvhdufk zrunv rq wkh uhfhqw Hdvw Dvldq fxuuhqf|

wxuprlo/ pd| kdyh vwduwhg d qhz jhqhudwlrq ri fxuuhqf| fulvlv prghov1

Wkh qrwlrq ri wudqvsduhqf| wkdw PV gh�qh lv qryho exw pd| qrw eh wkh rqo|

dffhswhg qrwlrq ri wudqvsduhqf|1 Wudqvsduhqf| txlwh riwhq phdqv ohvv qrlv| sulydwh

vljqdov/ dv pdunhw lqirupdwlrq lv vxemhfwhg wr sulydwh shufhswlrqv ri pdunhw djhqwv

zkr kdyh gl�huhqwldo lqirupdwlrq0surfhvvlqj delolw| dqg dffhvv wr sulydwh lqirupdwlrq1

Wkh uhdghu lv uhihuuhg wr Nlqj +4<<<, iru d wkurxjkrxw glvfxvvlrq1 Lq wklv sdshu/

qhyhuwkhohvv/ zh dgrsw PV*v qrwlrq ri wudqvsduhqf|1 Lq dgglwlrq wr wkh dujxphqw

PV sxw iruzdug iru wkhlu qrwlrq/ zh dgrsw lw dovr zlwk wkh sxusrvh wr ixuwkhu foduli|

wkh srolf| vxjjhvwlrq dgyrfdwhg e| PV/ dv zhoo dv wkh lqwlpdwh uhodwlrqvkls ehwzhhq

frpprq nqrzohgjh ri ixqgdphqwdov dqg pxowlsoh htxloleuld ri fxuuhqf| fulvhv1

Wkh suhvhqw sdshu hqodujhv wkh dqdo|wlfdo iudphzrun ri PV e| lqfoxglqj ydul0

rxv �erxqgdu| frqglwlrqv1� Zh �qg wkdw wudqvsduhqf| dorqh lq pdq| fdvhv fdqqrw

glvfrxudjh fxuuhqf| dwwdfnv/ frqwudu| wr PV*v dvvhuwlrq1 Lq idfw/ iru vrph fdvhv/ fxu0

uhqf| dwwdfnv duh hyhq suhyhqwhg e| qrqwudqvsduhqf|1 Zh dovr foduli| wkdw wkh PV*v

xqltxhqhvv uhvxow ghshqgv rq wkh qdwxuh ri wkh htxloleulxp dw wkh erxqgdulhv/ dqg lw

lv wkh xqltxhqhvv ri wkh erxqgdu| htxloleulxp wkdw jhqhudwhv wkhlu uhvxowv1 Li wkhuh duh

pxowlsoh htxloleuld dw wkh erxqgdulhv/ wkhq wkh odfn ri frpprq nqrzohgjh ri wkh ixq0

gdphqwdov zloo dovr ohdg wr pxowlsoh udwkhu wkdq d vlqjoh htxloleulxp dv irxqg e| PV1

Lq rwkhu zrugv/ sulydwh revhuydwlrqdo huuruv duh jhqhudoo| qrw vx!flhqw wr holplqdwh

pxowlsolflw| ri htxloleuld1 Wkh xowlpdwh htxloleulxp zloo vwloo qhhg wr eh ghwhuplqhg
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e| vhoi0ixo�oolqj h{shfwdwlrqv1 Lw vwloo ohdyhv rshq wkh txhvwlrq krz djhqwv vxffhhg lq

frruglqdwlqj wkhlu eholhi14

D forvho| uhodwhg uhvhdufk/ exw ri rssrvlwh sxusrvh iurp rxuv/ lv d sdshu e| Khlqh0

pdqq dqg Loolqj +4<<<,/ zkhuh wkh| hvwdeolvk wkh PV xqltxhqhvv uhvxow xvlqj wkh

vroxwlrq frqfhsw ri udwlrqdol}deoh htxloleulxp/ lqvwhdg ri Qdvk htxloleulxp xvhg lq

PV1 Vlqfh wkh vhw ri udwlrqdol}deoh htxloleuld lv d vxshuvhw ri wkh vhw ri Qdvk htxlole0

uld/ PV*v uhvxow lv vwuhqjwkhqhg e| Khlqhpdqq dqg Loolqj1 Udwlrqdol}deoh htxloleulxp

lv qrw sduwlfxoduo| xvhixo iru wklv sdshu suhflvho| ehfdxvh wkh frqfhsw lv pruh uhod{lqj

wkdq Qdvk htxloleulxp1 Pxowlsoh Qdvk htxloleuld lpso| pxowlsoh udwlrqdol}deoh htxl0

oleuld/ exw qrw ylfh yhuvd1 Wkxv wkh uhvxow ri pxowlsoh +Qdvk, htxloleuld wkdw zh rewdlq

lq wklv sdshu lv vwurqjhu wkdq d uhvxow ri pxowlsoh udwlrqdol}deoh htxloleuld1 Khlqhpdqq

dqg Loolqj dovr lqyhvwljdwh wkh uroh ri wudqvsduhqf| ri ixqgdphqwdov lq wuljjhulqj fxu0

uhqf| fulvhv1 Wkh| �qg wkdw/ zlwklq wkh PV iudphzrun/ dq lqfuhdvh lq wudqvsduhqf|

ri wkhlu qrwlrq/ gh�qhg e| wkhp dv d uhgxfwlrq lq wkh glvshuvlrq ri sulydwh vljqdov/

pdnhv fxuuhqf| fulvhv ohvv olnho|15

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ri wkh sdshu suhvhqwv prgho

dqg wkh lqwxlwlrq zk| pxowlsolflw| ri htxloleuld dw wkh erxqgdulhv fdq gudvwlfdoo| d�hfw

wkh uhvxowv lq wkh PV prgho1 Wdnlqj wkh PV prgho dv wkh qrup/ Vhfwlrq 6 h{dplqhv

wkh fdvhv ri d frpsdudwlyho| zhdnhu dqg vwurqjhu hfrqrp|1 Vhfwlrq 7 suhvhqwv d

eurdghu slfwxuh ri wkh iudphzrun dqg d sursrvlwlrq rq wkh frqglwlrqv xqghu zklfk

qrq0wudqvsduhqf| ghfuhdvhv wkh lqflghqfh ri vshfxodwlyh dwwdfnv1 Vhfwlrq 8 frqfoxghv1

4 Lq wkh olwhudwxuh/ vrph dwwhpswv kdyh ehhq pdgh wr ghdo zlwk wklv lvvxh> vhh iru h{dpsoh/ Srvwoh0
zdlwh dqg Ylyhv +4<;:,1

5Wzr rwkhu uhodwhg sdshuv duh Pruulv dqg Vklq +4<<;e, dqg Veudfld dqg ]djklql +4<<<,1 Wkh �uvw
sdshu h{whqgv wkhlu hduolhu vwxg| wr d frqwlqxrxv wlph iudphzrun dqg hvwdeolvkhv d vlplodu xqltxhqhvv
rxwfrph1 Wkh vhfrqg sdshu vwxglhv wzr vhoi0ixo�oolqj fulvlv prghov wr h{soruh/ uhvshfwlyho|/ wkh uroh
ri fkdqjhv ri vshfxodwruv* eholhiv dqg wkh uroh ri sxeolf lqirupdwlrq1
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51 Wkh Prgho dqg D Ghprqvwudwlqj H{dpsoh

Zh iroorz wkh PV prgho forvho|1 Wkh sod|huv ri wkh jdph duh wkh jryhuqphqw ri d

frxqwu| dqg d odujh qxpehu ri vshfxodwruv1 Doo ydoxhv wr eh lqwurgxfhg duh phdvxuhg

lq whupv ri d iruhljq fxuuhqf|1 Wkh frxqwu|*v ryhuydoxhg fxuuhqf| lv shjjhg dw h�1

Wkh h{fkdqjh udwh wkdw rwkhuzlvh suhydlov lq d iuhho|  rdwlqj pdunhw lv i+�,/ zkhuh �

lv wkh frxqwu|*v vwdwh ri ixqgdphqwdov/ d odujhu � glvwlqjxlvkhv vwurqjhu ixqgdphqwdov/

dqg lv glvwulexwhg xqlirupo| lq ^3> 4` lqwhuydo1 i+�, lv d vwulfwo| lqfuhdvlqj ixqfwlrq ri

�1 Wkh frxqwu|*v h{fkdqjh udwh lv vr ryhuydoxhg wkdw h� A i+�, iru doo �1 Rqfh wkh

ixqgdphqwdov duh ghwhuplqhg dqg uhyhdohg/ hdfk vshfxodwru fdq fkrrvh zkhwkhu ru qrw

wr vkruw vhoo rqh xqlw ri wkh frxqwu|*v fxuuhqf|1 Wkh vshfxodwru*v sd|r� lv h��i+�,�w

iru d vxffhvvixo dwwdfn/ dqg lv �w rwkhuzlvh/ zkhuh w lv wkh wudqvdfwlrq frvw ri vkruw

vdohv= Li kh grhv qrw vkruw vhoo/ klv sd|r� lv }hur/ uhjdugohvv ri zkhwkhu wkh fxuuhqf|

xqshjv1 Wkh frxqwu|*v ehqh�w iurp vxffhvvixoo| ghihqglqj lwv fxuuhqf| lv y/ zkloh wkh

frvw iurp ghihqglqj lv f+�> �, zkhuh � lv wkh sursruwlrq ri vshfxodwruv zkr dwwdfn1

Wkh frvw f+�> �, lv dvvxphg wr eh frqwlqxrxv/ lqfuhdvlqj lq � dqg ghfuhdvlqj lq �1

Zh iroorz wkh wlh0euhdnlqj uxoh lq PV wkdw zkhqhyhu wkh jryhuqphqw lv lqgl�huhqw

ehwzhhq pdlqwdlqlqj dqg dedqgrqlqj wkh fxuuhqf| shj/ lw fkrrvhv wr dedqgrq/ dqg

wkdw zkhqhyhu wkh vshfxodwru lv lqgl�huhqw ehwzhhq dwwdfnlqj dqg qrw dwwdfnlqj/ kh

uhixvhv wr dwwdfn16

Dv lq PV/ zh pdnh wkh dvvxpswlrq wkdw y � f+4>4, ? 3= Lq rwkhu zrugv/ li doo

vshfxodwruv dwwdfn/ lw zloo eh wrr frvwo| iru wkh frxqwu| wr ghihqg hyhq lq wkh ehvw

vwdwh ri wkh ixqgdphqwdov1 PV pdnh wkh iroorzlqj wzr dvvxpswlrqv dv zhoo1

+D4, y � f+3>3, ? 3= Wkhuh h{lvw ixqgdphqwdov zklfk duh vr edg wkdw wkh frxqwu|

6Wklv wlh0euhdnlqj uxoh lv pdgh iru vlpsolflw|1 Qrwklqj frqvhtxhqwldo zloo ghshqg rq lw1

7



zloo xqshj lwv fxuuhqf| lq wkh devhqfh ri dq| dwwdfn1

+D5, h� � i+4, � w ? 3= Lq wkh ehvw vwdwh ri wkh ixqgdphqwdov/ wkh jdlq iurp d

vxffhvvixo dwwdfn lv wrr vpdoo wr r�vhw wkh wudqvdfwlrq frvw1

Ohw � eh wkh ydoxh ri � zklfk vroyhv f+3> �,� y @ 3 dqg � eh wkh ydoxh ri � zklfk

vroyhv h� � i+�, � w @ 3= PV frqvlghu wkh jhqhulf fdvh lq zklfk 3 ? � ? � ? 4= Wklv

wulsduwlwh fodvvl�fdwlrq kdv d txlwh lqwhuhvwlqj lqwhusuhwdwlrq1 Iru � � � +wkh xqvwdeoh

uhjlrq,/ wkh ixqgdphqwdov duh vr zhdn wkdw wkh frxqwu| zloo xqshj lwv fxuuhqf| lq wkh

devhqfh ri dq| vshfxodwlyh dwwdfn> iru � � � +wkh vwdeoh uhjlrq,/ wkh ixqgdphqwdov

duh idluo| vwurqj dqg vshfxodwruv* jdlq iurp d vxffhvvixo dwwdfn lv wrr volp wr fryhu

wkh wudqvdfwlrq frvw> iru � ? � ? � +wkh ulsh0iru0dwwdfn uhjlrq,/ wkh hfrqrp| lv ulsh

iru vshfxodwlyh dwwdfn lq wkh vhqvh wkdw vshfxodwruv zloo ehqh�w iurp dwwdfnlqj li dqg

rqo| li d vx!flhqwo| odujh sursruwlrq ri vshfxodwruv dwwdfn1 Lq wkh vwdqgdug prgho ri

fxuuhqf| dwwdfn zkhuh � lv frpprqo| revhuyhg zlwkrxw huuruv/ wkhuh zloo eh pxowlsoh

htxloleuld iru wklv udqjh ri � ? � ? �= Lq PV/ krzhyhu/ ixqgdphqwdov duh revhuyhg

zlwk huuruv= zkhq � lv wkh wuxh vwdwh/ hdfk vshfxodwru zloo revhuyh dq lqghshqghqw

vljqdo { gudzq iurp d xqlirup glvwulexwlrq lq ^� � %> � . %`1 Wkhlu frqwulexwlrq zdv

wr vkrz wkdw/ iru wklv udqjh ri � ? � ? �/ wkh pxowlsoh htxloleuld uhgxfh wr d xqltxh

htxloleulxp= wkhuh h{lvwv d fxwr� srlqw �� vxfk wkdw wkh xqltxh htxloleulxp rxwfrph

lv wr xqshj iru � � �� dqg qrw wr xqshj rwkhuzlvh1

Zkhuhdv +D4, dqg +D5, uhsuhvhqw sodxvleoh vfhqdulrv/ wkhuh duh rwkhu sodxvleoh

vfhqdulrv wkdw duh qrw fryhuhg lq PV1 Iru lqvwdqfh/ lw lv frqfhlydeoh wkdw h� � i+4,�

w A 3> wkdw lv/ wkh frvw0dgmxvwhg fdslwdo jdlqv ri d vxffhvvixo dwwdfn rq dq ryhu0

ydoxhg fxuuhqf|/ hyhq lq wkh vwurqjhvw vwdwh ri wkh ixqgdphqwdov/ duh srvlwlyh wr wkh

vshfxodwruv1 Wklv fdq kdsshq ehfdxvh wkh wudqvdfwlrq frvw lq wkh pdunhw iru iruhljq
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h{fkdqjh lv w|slfdoo| yhu| vpdoo ru wkh h{lvwlqj shj udwh lv kljko| ryhu0ydoxhg1

Dqrwkhu sodxvleoh vfhqdulr lv wkdw y � f+3>3, A 31 Lq rwkhu zrugv/ hyhq xqghu wkh

zhdnhvw sodxvleoh pdfur ixqgdphqwdov/ wkh fxuuhqf| lv vxvwdlqdeoh lq wkh devhqfh ri

vshfxodwlyh dwwdfnv1 Wkhuh duh sohqw| fulvlv hfrqrplhv lq zklfk wkh zhdnhvw sodxvleoh

ixqgdphqwdov uljkw ehiruh d vshfxodwlyh dwwdfn pd| qrw eh edg hqrxjk iru wkh shj wr

eh dedqgrqhg dxwrpdwlfdoo|1 D srlqwhu wr uhfhqw Hdvw Dvldq fulvlv dqg wkh dwwdfn rq

wkh Hxurshdq H{fkdqjh Udwh Phfkdqlvp lq 4<<5 pd| eh xvhixo1 Dowkrxjk wkhuh lv

hylghqfh wkdw wkh vlwxdwlrq lq wkh Hdvw Dvldq frxqwulhv kdg ghwhulrudwhg vljql�fdqwo|

wzr |hduv sulru wr wkh fulvlv +vhh Fruvhwwl/ Shvhqwl dqg Urxelql 4<<;,/ wkhuh lv qr hyl0

ghqfh/ hyhq rq klqgvljkw/ wkdw hlwkhu wkh fulvlv ru wkh dedqgrqphqw ri fxuuhqf| shjv

zdv qhfhvvdu| +vhh dovr Ixupdq dqg Vwljolw} 4<<;> dqg Udghohw dqg Vdfkv 4<<; iru wklv

grfxphqwdwlrq,1 Olnhzlvh lq 4<<5/ wkh fulvlv frxqwulhv lq Hxursh kdg zhdn exw uhd0

vrqdeoh ixqgdphqwdov +vhh/ iru h{dpsoh/ Revwihog/ 4<<9,1 Wkhlu qdwlrqdo jryhuqphqwv/

li ixoo| frpplwwhg/ zrxog eh deoh wr ghihqg wkh udwhv1

Wkh iruphu vfhqdulr fruuhvsrqgv wr wkh fdvh zkhuh � grhv qrw h{lvw +l1h1/ wkhuh

lv qr � lq ^3>4` vxfk wkdw h� � i+�, � w @ 3,/ zkloh wkh odwwhu wr wkh fdvh zkhuh �

grhv qrw h{lvw +l1h1/ wkhuh lv qr � lq ^3>4` vxfk wkdw y � f+3> �, @ 3,/ Wdnlqj wklv lqwr

frqvlghudwlrq/ zh kdyh wkh iroorzlqj w|srorj|1

� Fdvh D= Erwk � dqg � h{lvw1 ^y � f+3>3, ? 3> h� � i+4, � w ? 3=`

� Fdvh E= Rqo| � h{lvwv1 ^y � f+3>3, ? 3> h� � i+4, � w A 3=`

� Fdvh F= Rqo| � h{lvwv1 ^y � f+3> 3, A 3> h� � i+4,� w ? 3=`

� Fdvh G= Qhlwkhu � qru � h{lvwv1 ^y � f+3>3, A 3> h� � i+4, � w A 3=`

Lw lv xvhixo wr uhodwh wklv w|srorj| wr wkh fodvvl�fdwlrq lq Revwihog +4<<9,1 Dv0

vxplqj frpprq nqrzohgjh ri ixqgdphqwdov/ Revwihog fodvvl�hv hfrqrplhv lqwr wkuhh

9



fdwhjrulhv= wkh yhu| vwurqj hfrqrplhv/ wkh yhu| zhdn hfrqrplhv/ dqg odujh0plggoh0

jurxqg hfrqrplhv zkhuh vhoi0ixo�oolqj fulvhv duh srvvleoh exw qrw lqhylwdeoh1 Qrwh

wkdw lq Revwihog*v fodvvl�fdwlrq hdfk frxqwu| lv fkdudfwhul}hg e| d xqltxh vwdwh ri

ixqgdphqwdov1 Wr jhqhudol}h wr d qrq0frpprq nqrzohgjh iudphzrun/ krzhyhu/ rqh

kdv wr fkdudfwhul}h d frxqwu| e| d glvwulexwlrq ri srvvleoh vwdwhv ri ixqgdphqwdov1

Wkdw lv/ frxqwulhv glvwlqjxlvk wkhpvhoyhv e| kdylqj gl�huhqw glvwulexwlrq ixqfwlrqv ri

ixqgdphqwdov1 Zkdw PV vwxg| lv d frxqwu| ri d sduwlfxodu w|sh ri glvwulexwlrq/ rqh

zkhuh wkh wkuhh uhjlrqv fr0h{lvw/ exw frxqwulhv ri rwkhu glvwulexwlrqv duh ljqruhg1 D

frpsohwh �wulsduwlwh� vwdwh vsdfh lq wklv uhjdug vkrxog eh d vhw ri glvwulexwlrq ixqf0

wlrqv/ udwkhu wkdq d vhw ri vwdwhv1 Zlwk wklv lqwhusuhwdwlrq/ Fdvhv D wr G wrjhwkhu

frqvwlwxwh wkh odujh plggoh fdwhjru| hfrqrplhv wkdw vhoi0ixo�oolqj fulvhv duh srvvleoh

exw qrw lqhylwdeoh zkhq uhdol}hg ixqgdphqwdov duh frpprq nqrzohgjh1

Rqh pd| eh whpswlqj wr fodlp wkdw wkh lqvljkwv iurp fdvh D +PV*v irfxv, pd| eh

dssolfdeoh wr rwkhu fdvhv1 Wdnh Fdvh G/ iru h{dpsoh/ rqh pd| frqmhfwxuh wkdw wkhuh

h{lvwv d wkuhvkrog �� vxfk wkdw iru � � ��+A ��, wkh xqltxh htxloleulxp rxwfrph lv

wr dedqgrq +pdlqwdlq, wkh shj1 Wklv frqmhfwxuh/ dv zh zloo vkrz/ lv lqfruuhfw1 Wkh

lpsolfdwlrq iurp Fdvh D fdqqrw eh jhqhudol}hg1 Wkh iroorzlqj sursrvlwlrq lv hdv| wr

suryh1

Sursrvlwlrq 41 Vxssrvh y � f+3>3, A 3 dqg h� � i+4, � w A 3> l1h1/ qhlwkhu � qru �

h{lvwv1 Wkhq iru doo � 5 ^3> 4` wkhuh h{lvw wzr htxloleuld wr wkh jdph= rqh lq zklfk doo

vshfxodwruv dwwdfn dqg wkh jryhuqphqw dedqgrqv wkh fxuuhqf| shj/ dqg dqrwkhu lq

zklfk qr vshfxodwruv dwwdfn dqg wkh jryhuqphqw pdlqwdlqv wkh shj1

Wkh lqwxlwlrq lv dv iroorzv1 Qrwh wkdw zkhq y � f+3> 3, A 3 +l1h1/ � grhv qrw

h{lvw,/ wkh jryhuqphqw*v ehvw uhvsrqvh/ hyhq lq wkh zruvw vwdwh ri wkh ixqgdphqwdov/

:



lv wr pdlqwdlq lwv fxuuhqf| shj li rqo| d qhjoljleoh sursruwlrq ri vshfxodwruv dwwdfn1

Nqrzlqj wklv dqg wkdw rwkhu vshfxodwruv gr qrw dwwdfn/ lw lv hdfk vshfxodwru*v ehvw

vwudwhj| qrw wr dwwdfn/ uhjdugohvv ri wkh vljqdo revhuyhg1 Wklv dffrxqwv iru wkh qr0

dwwdfn htxloleulxp iru hdfk �1 Ehfdxvh ri wkh dvvxpswlrq wkdw y � f+4> 4, ? 3/ wkh

jryhuqphqw*v ehvw uhvsrqvh/ hyhq lq wkh vwurqjhvw vwdwh ri wkh ixqgdphqwdov/ lv wr

dedqgrq wkh fxuuhqf| shj li d vx!flhqwo| odujh sruwlrq ri vshfxodwruv dwwdfn1 Nqrzlqj

wklv/ wkdw h� � i+4,� w A 3 +l1h1/ � grhv qrw h{lvw,/ dqg wkdw rwkhu vshfxodwruv doo zloo

dwwdfn/ lw lv lq hdfk vshfxodwru*v lqwhuhvw wr dwwdfn dv zhoo1 Wklv dffrxqwv iru wkh dwwdfn

htxloleulxp iru hdfk �1

Wkh deryh vfhqdulr/ zkhuh wkhuh duh wzr htxloleuld dw erwk wkh xsshu dqg orzhu

erxqgdulhv/ vkrxog eh frqwudvwhg zlwk wkh PV prgho1 Lq wkh PV prgho/ ehfdxvh ri wkh

h{lvwhqfh ri � dqg �/ xsrq vhhlqj d vljqdo vx!flhqwo| forvh wr }hur +rqh,/ vshfxodwruv

zloo fhuwdlqo| dwwdfn +qrw dwwdfn,/ uhjdugohvv ri rwkhuv* dfwlrqv1 Wklv ohdgv wr d xqltxh

dwwdfn htxloleulxp zkhq � htxdov }hur dqg d xqltxh qr0dwwdfn htxloleulxp zkhq �

htxdov rqh1 Zlwk surshu lqgxfwlrq iurp wkh orzhu +xsshu, erxqgdu| htxloleulxp/

vshfxodwruv frqwlqxh wr pdlqwdlq dq dwwdfn +qr dwwdfn, srvlwlrq zkhq � lv qrw wrr idu

deryh }hur +ehorz rqh,1 Wkdw lv/ wkhuh h{lvw vrph �3 dqg �33 +zkhuh 3 ? �3 ? �33 ? 4,

vxfk wkdw wkhuh lv d xqltxh dwwdfn htxloleulxp iru � � �3 dqg d xqltxh qr dwwdfn

htxloleulxp iru � � �33= Lwhudwhg lqgxfwlrq ri wklv idvklrq hyhqwxdoo| jlyhv ulvh wr d

fulwlfdo ydoxh ri vljqdo ehorz zklfk vshfxodwruv dwwdfn dqg deryh zklfk vshfxodwruv gr

qrw dwwdfn1 Krzhyhu/ pxowlsoh htxloleuld dw erwk erxqgdulhv zloo ghvwur| wkdw1 Zkdw

zrxog kdsshq zkhq wkhuh duh wzr htxloleuld dw rqh erxqgdu| zkloh rqo| rqh dw wkh

rwkhu erxqgdu|B Wkh dqdo|vlv ri Fdvhv E dqg F lq Vhfwlrq 6 zloo h{dplqh wklv ohvv

reylrxv vlwxdwlrq1

;



61 Dqdo|vlv

6141 Suholplqdulhv

Zh �uvw �oo lq vrph ghwdlov ri wkh jdph dqg lqwurgxfh vrph xvhixo qrwlrq1 Gh�qh

K+{m�, dv wkh fxpxodwlyh ixqfwlrq ri vljqdo { frqglwlrqdo rq vwdwh �> dqg J+�m{, dv

wkh fruuhvsrqglqj fxpxodwlyh ixqfwlrq ri wuxh vwdwh � frqglwlrqdo rq vljqdo {1 PV

kdyh vshfl�hg K+{m�, rqo| iru � 5 ^%>4� %` exw qrw iru rwkhu ydoxhv ri �=7 Lqvwhdg ri

vshfli|lqj wkh h{dfw fkdudfwhul}dwlrq ri K+{m�, iru � @5 ^%>4� %`> zh zdqw wr srlqw rxw

wkuhh surshuwlhv wkdw dq| fdqglgdwh K+{m�, vkrxog srvvhvv dqg lpso|1

+E4, { 5 ^� � %> � . %` dqg { 5 ^3>4`1

+E5, K+{m�, lv frqwlqxrxv lq { dqg � h{fhsw srvvleo| iru d mxps dw { @ 4/ dqg

ghfuhdvlqj lq �1

+E6, J+�m{, lv frqwlqxrxv lq � dqg {/ ghfuhdvlqj lq {/ dqg iru doo {/ J+3m{, @ 318

Wkh �uvw sduw ri +E4, lv pdgh wr eh frqvlvwhqw zlwk PV*v dvvxpswlrq ri K+{m�, iru

� 5 ^%> 4� %`/ zkloh wkh vhfrqg sduw ri +E5, phdqv wkh vshfxodwru fdq qhyhu revhuyh d

vljqdo zklfk kh lv fhuwdlq wr eh lpsrvvleoh19 Erwk +E5, dqg +E6, duh vwdqgdug dqg/

jlyhq +E4,/ duh dxwrpdwlfdoo| vdwlv�hg iru % ? � ? 4� % dqg 5% ? { ? 4� 5%1

Iru d jlyhq sur�oh ri vwudwhj| ri wkh vshfxodwruv/ ghqrwh e| �+{, wkh sursruwlrq ri

vshfxodwruv zkr dwwdfn diwhu revhuylqj wkh vljqdo {1 +Lq vkruw/ zh zloo uhihu �+{, dv wkh

7PV gh�qh ME%�w� iru w M d0c�3 0o dv iroorzv1 ME%�w� lv htxdo wr f li % $ w30c wr �*2nE%3w�*20
li w 3 0 	 % $ w n 0c dqg wr � rwkhuzlvh1

8 Li CEf�%� �' f iru vrph %/ wkhq wkh vljqdo % dulvhv rqo| iru d �qlwh qxpehu ri srvvleoh vwdwhv w
+rqh ri zklfk lv 3,1 Vxfk d srvvlelolw| lv fohduo| rgg hqrxjk wr eh dvvxphg dzd|1

9Wkh vhfrqg sduw ri +E4, lv shukdsv pruh frqwuryhuvldo wkdq rwkhu dvvxpswlrqv1 Li lw lv uhod{hg
wr eh % M d30c � n 0o/ wkhq wkh uhvxowv lq Sursrvlwlrqv 5 dqg 6 zloo eh vwdwhg d elw gl�huhqwo|1 Lq
sduwlfxodu/ wkh vwudwhj| sur�oh wkdw doo vshfxodwruv dwwdfn uhjdugohvv ri wkh revhuyhg vljqdov lv ghqrwhg
e| U�n01 Krzhyhu/ pxowlsoh htxloleuld pd| vwloo h{lvw1 Lq dgglwlrq/ qxphulf h{dpsohv 4 wr 6 duh vwloo
ydolg> lq hdfk h{dpsoh/ wkh fulwlfdo vwdwh ri ixqgdphqwdov wkdw fdq jlyh ulvh wr pxowlsoh htxloleuld lv
h{dfwo| wkh vdph1 Wkh uhdghu lv uhihuuhg wr wkh �uvw sdudjudsk vxevhtxhqw wr H{dpsoh 5 iru ghwdlov1

<



vwudwhj| sur�oh1, Jlyhq �+{,/ wkh jryhuqphqw ghihqgv li dqg rqo| li y�f+v+�> �,> �, A 3

zkhuh

v+�> �, �

] {@4

{@3

�+{,gK+{m�, +614,

lv wkh sursruwlrq ri vshfxodwruv zkr dwwdfn jlyhq wkh wuxh vwdwh �= Gh�qh d+�, dv wkh

plqlpxp sursruwlrq ri dwwdfnlqj vshfxodwruv iru d vxffhvvixo dwwdfn zkhq wkh wuxh

vwdwh lv �/ l1h1/ d+�, � dujplq�iy � f+�> �, � 3j> dqg D+�, � i�mv+�> �, � d+�,j

dv wkh vhw ri � lq zklfk wkh jryhuqphqw dedqgrqv wkh shj1 Jlyhq wkh jryhuqphqw*v

uhvsrqvh/ zh fdq gh�qh x+{>�, wr eh wkh vshfxodwru*v sd|r� iurp vkruw vdohv zkhuh {

lv klv vljqdo dqg � wkh vwudwhj| wkdw doo rwkhu vshfxodwruv dgrsw1 Irupdoo|/

x+{>�, �

]
D+�,

+h� � i+�,,gJ+�m{,� w= +615,

Wkh vshfxodwru zloo dwwdfn li dqg rqo| li x+{>�, A 3=

Zh duh sduwlfxoduo| lqwhuhvwhg lq wkh iroorzlqj w|sh ri vwudwhj| sur�oh=

Ln+{, @

;AA?
AA=

4 li { ? n

3 li { � n=

D forvho| uhodwhg vwudwhj| sur�oh lv

Ln+{, @

;AA?
AA=

4 li { � n

3 li { A n=

Qrwh wkdw wkh gl�huhqfh ehwzhhq wkh wzr sur�ohv lv lqfrqvhtxhqwldo/ h{fhsw srvvleo|

iru n @ 4 zkhuh iru vrph � wkhuh pd| eh d qrq0qhjoljleoh iudfwlrq ri vshfxodwruv zkr
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revhuyh wkh vljqdo { @ n @ 41: Zh lqwurgxfhg wkh qrwlrq Ln+{, ehfdxvh zh zloo pdnh

xvh ri L4+{,/ l1h1/ wkh vwudwhj| sur�oh vxfk wkdw doo vshfxodwruv dwwdfn uhjdugohvv ri wkh

vljqdov revhuyhg1 Iurp wkh gh�qlwlrq lq +614, dqg dvvxpswlrq +E5,/ lw lv fohdu wkdw

v+�> Ln, dqg v+�> Ln, duh frqwlqxrxv dqg ghfuhdvlqj lq �1 Wkh vhwv ri ixqgdphqwdov lq

zklfk dwwdfnv iroorzlqj Ln dqg Ln duh vxffhvvixo duh D+Ln, @ ^3> !+n,` dqg D+Ln, @

^3> !+n,`/ uhvshfwlyho|/ zkhuh

!+n, � pd{ i�mv+�> Ln, � d+�,j

dqg !+n, � pd{
�
�mv+�> Ln, � d+�,

�
=

+616,

duh wkh vwurqjhvw vwdwhv lq zklfk dwwdfnv duh vxffhvvixo1 Wkh iroorzlqj Ohppd lv hdv|

wr rewdlq1

Ohppd 41 Wkh iroorzlqj uhvxowv krog iru erwk fdvh E dqg fdvh F1

41 x+n> Ln, lv frqwlqxrxv lq n 5 +3>4,=

51 x+{> Ln, duh frqwlqxrxv lq { iru doo { 5 ^3>4` iru doo n 5 ^3>4`=

61 x+{> Ln, duh ghfuhdvlqj lq { iru doo { 5 ^3> 4` iru doo n 5 ^3>4`=

Wkh �uvw uhvxow/ wkh surri ri zklfk iroorzv wkdw ri PV dqg khqfh lv rplwwhg khuh/

orfdwhv wkh vljqdo n zlwk zklfk wkh sod|hu lv lqgl�huhqw ehwzhhq dwwdfnlqj ru qrw zkhq

Ln lv iroorzhg e| rwkhu vshfxodwruv1 Wkh vhfrqg uhvxow lv d whfkqlfdo rqh1 Wkh wklug

uhvxow/ wkh surri ri zklfk lv uhohjdwhg wr wkh Dsshqgl{/ vwdwhv wkdw/ rqfh wkh fulwlfdo

vljqdo n vdwlvi|lqj x+n> Ln, @ 3 lv irxqg/ Ln zloo lqghhg eh dq htxloleulxp sod|= wkrvh

:Zkhqhyhu wkhuh lv dq lqwhulru fulwlfdo & M Efc �� wkdw pdnhv wkh vshfxodwru zlwk vxfk d vljqdo
lqgl�huhqw ehwzhhq dwwdfnlqj dqg qrw dwwdfnlqj zkhq U

&
ru U& lv dgrswhg e| rwkhuv/ rxu wlh0euhdnlqj

uxoh glfwdwhv wkdw kh qrw dwwdfn dqg khqfh U& eh uxohg rxw dv d fdqglgdwh ri htxloleulxp vwudwhj|
sur�oh1
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vshfxodwruv zlwk vljqdov { ? n jdlq iurp dwwdfnlqj dqg wkrvh zlwk vljqdov { � n gr

qrw1

6151 Uhvxowv= Fdvh E

Lq wklv vxevhfwlrq/ zh zloo irfxv rq wkh fdvh zkhuh � h{lvwv +3 ? � ? 4,/ exw � grhv

qrw h{lvw1 Iroorzlqj PV/ zh dvvxph wkdw � A 5% wr vlpsoli| wkh h{srvlwlrq1; Zlwk

wkh deryh suholplqdulhv/ zh fdq frph wr wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 51 +Fdvh E, Vxssrvh � h{lvwv +dqg A 5%,/ exw � grhv qrw h{lvw1 Pxo0

wlsoh htxloleuld dw zklfk wkh jryhuqphqw dedqgrqv dqg pdlqwdlqv wkh fxuuhqf| shj/

uhvshfwlyho|/ pd| dulvh xqghu vrph vwdwhv ri ixqgdphqwdov1 Vshfl�fdoo|/ li wkhuh h{lvwv

vrph { 5 +3> 4, vxfk wkdw x+{> L{, @ 3/ gh�qh �� � !+{�,/ zkhuh {� lv wkh vpdoohvw

{ 5 +3>4, vdwlvi|lqj x+{> L{, @ 31 Lw pxvw eh wuxh wkdw 3 ? �� ? 4= Iru � � �� wkhuh lv

d xqltxh htxloleulxp rxwfrph lq zklfk wkh jryhuqphqw dedqgrqv wkh shj1 Iru � A ��

wkhuh duh pxowlsoh htxloleulxp rxwfrphv= rqh lq zklfk wkh jryhuqphqw pdlqwdlqv wkh

shj/ dqg wkh rwkhu wkh jryhuqphqw dedqgrqv1

Surri1 Vhh wkh Dsshqgl{1

Wkh sursrvlwlrq lv ehwwhu xqghuvwrrg zlwk wkh khos ri Iljxuh 41 Vlqfh y�f+4>4, ?

3> lw ehfrphv frpprq nqrzohgjh wkdw li doo vshfxodwruv dwwdfn uhjdugohvv ri wkh vljqdov

revhuyhg/ wkh jryhuqphqw pxvw dedqgrq lwv fxuuhqf| shj dw dq| �1 Vlqfh � grhv qrw

h{lvw/ wkh vshfxodwruv* qhw jdlq iurp d vxffhvvixo dwwdfn dw dq| vwdwh ri ixqgdphqwdov

lv srvlwlyh1 Khqfh/ x+{> L4, pxvw eh srvlwlyh iru { � 4/ dv uhsuhvhqwhg e| wkh gdvkhg

olqh lq Iljxuh 41 Wklv phdqv wkdw L4 lv dq htxloleulxp sur�oh iru hyhu| �1

; Lq idfw/ wkh uhod{dwlrq ri w : 20 pdnhv pxowlsoh htxloleuld pruh olnho| wr rffxu1
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Iljxuh 4
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Lq Iljxuh 4/ x+{> L{, fxwv wkh krul}rqwdo d{lv dw { @ {�1 Wkh grzqzdug vorslqj

olqh DD* ghslfwv x+{> L{�,+zklfk htxdov x+{> L{�,,/ lqwhuvhfwlqj x+{> L{, dw wkh vdph

krul}rqwdo lqwhufhsw1 Lw lv fohdu wkdw L{� lwvhoi lv dq htxloleulxp vwudwhj|/ dv vshfxodwruv

revhuylqj vljqdov orzhu wkdq {� zloo jdlq iurp dwwdfnlqj +x+{> L{�, � 3 iru { � {�, dqg

vshfxodwruv revhuylqj vljqdov juhdwhu wkdq {� zloo orvh iurp dwwdfnlqj +x+{> L{� , � 3 iru

{ A {�,1 Zlwk wkh vwudwhj| sur�oh L{� / ixqgdphqwdov wkdw hqg xs zlwk wkh froodsvh

ri wkh shj duh vlpso| wkrvh � � �� � !+{�, � pd{ i�mv+�> L{� , � d+�,j1 Lq wkhvh

zhdnhu vwdwhv/ wkh sursruwlrq ri dwwdfnlqj vshfxodwruv lv wrr odujh iru wkh jryhuqphqw

wr ghihqg/ uhvxowlqj lq dq dwwdfn htxloleulxp1 Lq frqwudvw/ wkh shj lv vwdeoh iru vwurqjhu

ixqgdphqwdov/ dw zklfk hlwkhu qr vshfxodwruv dwwdfn +iru � � {�.%, ru wkh sursruwlrq

ri dwwdfnlqj vshfxodwru lv vpdoo hqrxjk wkdw wkh jryhuqphqw fdq vxffhvvixoo| ghihqg

+iru � 5 +��> {� . %,,1 Wklv ohdgv wr d qr0dwwdfn htxloleulxp1

Wr vxppdul}h/ iru � � ��/ qr pdwwhu zkhwkhu L{� ru L4 lv frruglqdwhg/ wkh xqltxh

htxloleulxp rxwfrph lv wr dedqgrq wkh shj1 Iru � A ��/ ghshqglqj rq zkhwkhu

L{� ru L4 lv frruglqdwhg/ wkh htxloleulxp rxwfrph fdq eh hlwkhu wr pdlqwdlq ru wr

dedqgrq wkh shj1 Dq dgglwlrqdo frpphqw lv lq rughu khuh1 Dowkrxjk lq Iljxuh 4 wkh

olqh x+{> L{, lv ghslfwhg wr fxw wkh krul}rqwdo d{lv/ lw lv srvvleoh iru x+{> L{, wr eh

frpsohwho| deryh wkh krul}rqwdo d{lv iru doo { 5 +3>4,1 Lq wklv fdvh/ wkh htxloleulxp lv

xqltxh zlwk vwudwhj| sur�oh L41

Wr looxvwudwh wkdw pxowlsoh htxloleuld gr h{lvw/ zh qrz surylgh vrph qxphulf h{dp0

sohv1 Zh dgrsw khuh dq h{dfw vshfl�fdwlrq rq K+{m�, iru � @5 ^%> 4�%`= Vshfl�fdoo|/ iru

� ? %>K+{m�, lv htxdo wr +%� �,@5% li { @ 3/ wr 4@5. +{� �,@5% li 3 ? { � �. %> dqg
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wr 4 rwkhuzlvh1 Dv iru � A 4�%/ K+{m�, lv htxdo wr 3 li { � ��%> wr 4@5.+{��,@5% li

��% ? { ? 4> dqg wr 4 li { @ 4= Wkdw lv/ lw suhvfulehv d ghqvlw| ixqfwlrq k+{m�, @ 4@5%

iru { 5 ^��%> �.%`_^3> 4`/ zlwk d pdvv ri uhpdlqlqj suredelolw| dw wkh uhohydqw erxqg0

du|1 Wkh ghqvlw| ixqfwlrq ri � frqglwlrqdo rq vljqdo {> j+�m{,/ fdq hdvlo| eh frpsxwhg

dqg lv uhohjdwhg wr wkh Dsshqgl{1 Lw fdq eh hdvlo| fkhfnhg wkdw wklv vshfl�fdwlrq

vdwlv�hv wkh surshuwlhv zh srlqwhg rxw ehiruh ++E4, wr +E6,,1 Zh zloo odwhu dujxh wkdw

wkh pxowlsoh htxloleulxp uhvxow lq rxu sdshu kdv olwwoh wr gr zlwk rxu vshfl�fdwlrq ri

K+{m�, dw wkh wzr wdlov1

Lq H{dpsoh 4/ d+4, @ y@f3 @ 3=:8> wkdw lv/ lq wkh vwurqjhvw vwdwh ri ixqgdphqwdov/

wkh jryhuqphqw zloo dedqgrq wkh shj rqo| li wkuhh irxuwkv ru pruh ri vshfxodwruv

dwwdfn1 D odujhu d+4, pdnhv wkh qr dwwdfn htxloleulxp lq wkh vwurqjhvw vwdwhv pruh

olnho|1< Krzhyhu/ d+4, grhv qrw qhhg wr eh dv kljk dv 31:81 Lq H{dpsoh 5/ d+4, @ 3=7=

Exw dv wkh wudqvdfwlrq frvw w lv lqfuhdvhg iurp 316 wr 317/ vhoi0ixo�oolqj h{shfwdwlrqv

fdq vwloo pdnh wkh qr0dwwdfn htxloleulxp ihdvleoh1

H{dpsoh 41 Vxssrvh i+{, � h� � 4@+4 . {,/ dqg f+�> �, � +4 � � . �,f3= Zh fdq

ghwhuplqh wkdw d+�, @ 3 li � � 4 � y@f3 dqg @ y@f3 � 4 . � rwkhuzlvh1 Vxssrvh

% @ 3=38> y@f3 @ 3=:8> dqg w @ 3=6= Zlwk wklv sdudphwhul}dwlrq/ � grhv qrw h{lvw/ exw

� h{lvwv dqg htxdov 3=581 Wkhuh h{lvwv d xqltxh { @ 3=:68 vxfk wkdw x+{> L{, @ 3= Zh

fdq dovr uhfnrq wkdw �� � !+{�, @ !+{, @ 3=:6:1

H{dpsoh 51 Xvh wkh vdph ixqfwlrqdo irupv dv lq h{dpsoh 4/ exw zlwk % @ 3=38>

y@f3 @ 3=7> dqg w @ 3=7= Zlwk wklv sdudphwhul}dwlrq/ � grhv qrw h{lvw/ exw � h{lvwv

dqg htxdov 3=91 Rqh fdq ghprqvwudwh wkdw x+{> L{, fxwv wkh krul}rqwdo0d{lv wzlfh/ �uvw

iurp deryh dw { @ 3=;77 dqg wkhq iurp ehorz dw { @ 3=<:4= Khqfh rqh fdq uhfnrq

<D odujh @E�� phdqv wkdw hlwkhu wkh frxqwu| lv odujh zlwk fdsdeoh jryhuqphqw ru wkhuh duh d vpdoo
qxpehu ri srwhqwldo vshfxodwruv +d vpdoo dprxqw ri krw prqh| ehlqj flufxodwhg,1
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wkdw {� @ 3=;77 dqg �� @ !+{�, @ 3=;9;=

Wzr srlqwv uhjduglqj wkh h{dpsohv duh zruwk qrwlflqj1 Iluvw/ wkh h{dfw vshfl�fd0

wlrq ri K+�m{, wkdw zh kdyh xvhg dw wkh wzr hqgv lv qrw fuxfldo1 Frqvlghu h{dpsoh 4/

zkhuh {� @ 3=:68 lv pruh wkdq 7% ehorz wkh vwdwh � @ 4� % @ 3=<81 Dq| vshfl�fdwlrq

ri K+�m{, iru � 5 +4�%>4` vdwlvi|lqj +E4, wr +E6,�rxu h{dfw vshfl�fdwlrq lv rqh vxfk�

zloo qrw jlyh ulvh wr vljqdov wkdw duh pruh wkdq % ehorz wkh vwdwh 4� %/ dqg khqfh kdv

qr h�hfw rq wkh ydoxh ri x+n> Ln, dw wkh sur{lplw| ri n @ {�1 Wkhuhiruh/ wkh uhvxow wkdw

x+n> Ln, �uvw fxwv wkh krul}rqwdo d{lv dw n @ {� @ 3=:68 lv lqyduldqw xqghu dowhuqdwlyh

vshfl�fdwlrqv ri K+�m{,1 D vlplodu dujxphqw zrunv iru H{dpsoh 51 Zkhuhdv d fkdqjh

lq wkh vshfl�fdwlrq ri K+�m{, iru � 5 +4� %>4` zloo fkdqjh wkh vhfrqg fxwwlqj srlqw/

lw zloo qrw d�hfw wkh �uvw fxwwlqj srlqw {� @ 3=;77 zklfk lv pruh wkdq 6% ehorz wkh

vwdwh � @ 4� %= Qhhgohvv wr vd|/ wkh vshfl�fdwlrq ri K+�m{, iru � 5 ^3> %, kdv qr h�hfw

rq h{dpsohv 5 dqg 6 dv zhoo1

Wkh vhfrqg srlqw lv wkdw zh fdq olqn wkh suhvhqfh ri pxowlsoh htxloleuld zlwk wkh

qrq0prqrwrqlflw| ri x+n> Ln,1 Dq lpsruwdqw surshuw| lq PV lv wkh ghfuhdvlqjqhvv

ri x+n> Ln, lq n iru doo n1 Lq wkh PV vwxg| +ru rxu Fdvh D,/ vlqfh x+3> L3, ? 3 dqg

x+4> L4, A 4/ wkh ghfuhdvlqjqhvv ri x+n> Ln, lv vx!flhqw wr jlyh wkhlu xqltxh htxloleulxp

uhvxow1 Wklv surshuw| grhv qrw krog lq rxu Fdvh E +dv zhoo dv Fdvh F,1 Ohw xv irfxv rq

wkh uhohydqw ixqfwlrq x+n> Ln, khuh1 +Uhfdoo wkdw x+n> Ln, dqg x+n> Ln, duh lghqwlfdo iru

n ? 4=, Lw fdq eh vkrzq wkdw/ xvlqj wkh vdph dujxphqw dv lq PV/ x+n> Ln, lv ghfuhdvlqj

iru n � 4 � %1 Krzhyhu/ lw pd| qrw eh ghfuhdvlqj iru juhdwhu ydoxh ri n1 Wkh qrq0

ghfuhdvlqjqhvv pd| wdnh sodfh hlwkhu iru n 5 ^4� %>4, dv ghprqvwudwhg lq H{dpsoh 5/

ru uljkw dw n @ 4>zkhuh wkh ydoxh ri x+n> Ln, mxpsv xs/ dv ghprqvwudwhg lq H{dpsoh

4 dqg ghslfwhg lq Iljxuh 41 Qrwh wkdw wkh h{lvwhqfh ri pxowlsoh htxloleuld lpsolhv wkh

h{lvwhqfh ri vrph {� ? 4 vxfk wkdw x+{�> L{� , @ 3= Wklv odwwhu idfw/ lq frqmxqfwlrq
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zlwk x+4> L4, A 3> lpsolhv qrq0prqrwrqlflw| ri x+n> Ln,= Wkxv qrq0prqrwrqlflw| ri

x+n> Ln, lv d qhfhvvdu| frqglwlrq iru pxowlsoh htxloleuld143 Iru jhqhudo vshfl�fdwlrqv

ri K+{m�,> wkh frqglwlrqv xqghu zklfk qrq0prqrwrqlflw| ri x+n> Ln, dulvhv duh gl!fxow

wr hvwdeolvk144

6161 Uhvxowv= Fdvh F

Khuh zh h{dplqh wkh vfhqdulr lq zklfk � h{lvwv +3 ? � ? 4,/ exw � grhv qrw h{lvw1

Iroorzlqj PV/ zh dvvxph � ? 4 � 5% wr vlpsoli| h{srvlwlrq=45 Vlqfh wkh dqdo|vlv lv

odujho| dv|pphwulf wr fdvh E/ wkh surri ri wkh iroorzlqj sursrvlwlrq zloo eh rplwwhg1

Sursrvlwlrq 61 +Fdvh F, Vxssrvh � h{lvwv +dqg ? 4�5%, exw � grhv qrw1 Pxowlsoh

htxloleuld dw zklfk wkh jryhuqphqw dedqgrqv dqg pdlqwdlqv wkh fxuuhqf| shj/ uhvshf0

wlyho|/ pd| dulvh xqghu vrph vwdwhv ri ixqgdphqwdov1 Vshfl�fdoo|/ li wkhuh h{lvwv vrph

{ 5 +3>4, vxfk wkdw x+{> L{, @ 3/ gh�qh �� � !+{�, zkhuh {� lv wkh odujhvw { 5 +3>4,

vdwlvi|lqj x+{> L{, @ 31 Qrwh wkdw lw pxvw eh wkdw 3 ? �� ? 41 Iru � A �� wkhuh lv d

xqltxh htxloleulxp rxwfrph lq zklfk wkh jryhuqphqw pdlqwdlqv wkh shj1 Iru � � ��

wkhuh duh pxowlsoh htxloleulxp rxwfrphv= rqh lq zklfk wkh jryhuqphqw pdlqwdlqv wkh

shj/ dqg wkh rwkhu wkh jryhuqphqw dedqgrqv1

Wkh sursrvlwlrq lv ehwwhu xqghuvwrrg zlwk wkh khos ri Iljxuh 51 Vlqfh y�f+3>3, A

3> li qr vshfxodwruv dwwdfn/ uhjdugohvv ri wkh vljqdov revhuyhg/ wkh jryhuqphqw pxvw

pdlqwdlq lwv fxuuhqf| shj dw dq| �1 Dv wklv lwvhoi lv frpprq nqrzohgjh/ dqg dv hdfk

vshfxodwru rq klv rzq fdqqrw ohdg wr d vxffhvvixo dwwdfn dw dq| �/ lw lq wxuq phdqv wkdw

43Fohduo| qrq0prqrwrqlflw| ri �E&c U&� lv qrw d vx!flhqw frqglwlrq iru pxowlsoh htxloleuld> zlwkrxw
ehlqj prqrwrqh/ �E&c U&� frxog eh srvlwlyh iru doo & dqg qhyhu fxwv wkh krul}rqwdo d{lv1

44Iru wkh vshfl�fdwlrq ri MEw�%� xvhg lq H{dpsohv 4 dqg 5/ �E&c U&� zloo kdyh d mxps +dq lqfuhdvh,
dw & ' � li dqg rqo| li @E�� : f�D1 Exw H{dpsoh 5 +lq zklfk �E&c U&� grhv qrw kdyh d mxps dw & ' �,
looxvwudwhv wkdw wklv mxps lv qrw qhfhvvdu| iru pxowlsoh htxloleuld1

45 Li w D �3 20/ pxowlsoh htxloleuld duh pruh olnho| wr rffxu1
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qr vshfxodwru zloo kdyh xqlodwhudo lqfhqwlyh wr ghyldwh iurp L31 Khqfh x+{> L3, ? 3 iru

doo {/ dv ghslfwhg lq Iljxuh 51 Wklv phdqv wkdw L3 lv dq htxloleulxp sur�oh iru hyhu|

�1

������������

Iljxuh 5

������������

Lq Iljxuh 5/ x+{> L{, fxwv wkh krul}rqwdo d{lv dw { @ {�1 Wkh grzqzdug vorslqj

olqh DD* ghslfwv x+{> L{�,+@ x+{> L{�,,/ zklfk lqwhuvhfwv x+{> L{, dw wkh vdph krul}rq0

wdo lqwhufhsw1 Lw lv fohdu wkdw L{� lv dq htxloleulxp vwudwhj|/ dv vshfxodwruv revhuylqj

vljqdov orzhu wkdq {� zloo jdlq iurp dwwdfnlqj +x+{> L{� , � 3 iru { � {�, dqg vshf0

xodwruv revhuylqj vljqdov juhdwhu wkdq {� zloo orvh iurp dwwdfnlqj +x+{> L{�, � 3 iru

{ A {�,1 Zlwk vwudwhj| sur�oh L{� / ixqgdphqwdov wkdw hqg xs zlwk wkh froodsvh ri

wkh shj duh wkrvh � � !+n, � pd{ i�mv+�> L{�, � d+�,j1 Wkh shj fdq eh pdlqwdlqhg

iru wkh uhpdlqlqj vwurqjhu ixqgdphqwdov1

Wr vxppdul}h/ iru � � !+{�,/ ghshqglqj rq zkhwkhu L3 ru L{� lv frruglqdwhg/ wkh

htxloleulxp rxwfrph fdq eh hlwkhu wr pdlqwdlq ru wr dedqgrq wkh shj1 Iru � A !+{�,/

wkh xqltxh htxloleulxp rxwfrph lv wr pdlqwdlq wkh shj1 Dq dgglwlrqdo frpphqw lv

lq rughu khuh1 Dowkrxjk wkh olqh x+{> L{, lv ghslfwhg wr fxw wkh krul}rqwdo d{lv/ lw lv

srvvleoh wkdw x+{> L{, lv hyhu|zkhuh ehorz wkh krul}rqwdo d{lv iru doo { 5 +3> 4,1 Lq

wklv fdvh/ wkh htxloleulxp lv xqltxh zlwk vwudwhj| sur�oh L31

H{dpsohv zlwk pxowlsoh htxloleuld fdq hdvlo| eh frqvwuxfwhg1 Wkh vdph vshfl�0

fdwlrq ri K+{m�, iru � @5 ^%>4 � %` dv lq h{dpsohv 4 dqg 5 lv xvhg lq wkh iroorzlqj

h{dpsoh 61 Dovr fkrrvh d+3, @ 3=53> wkdw lv/ lq wkh zhdnhvw vwdwh ri wkh ixqgdphqwdov/

wkh jryhuqphqw zloo dedqgrq wkh fxuuhqf| shj zkhq rqh �iwk ru pruh ri vshfxod0
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wruv dwwdfn1 Erwk htxloleuld/ wr dedqgrq dqg wr pdlqwdlq wkh shj/ duh suhvhqw zkhq

� � �� @ 3=589= Exw iru � A 3=589/ wkhuh lv d xqltxh htxloleulxp ri pdlqwdlqlqj wkh

shj1 Rqh fdq h{shfw wkdw/ rwkhu wklqjv ehlqj htxdo/ dq lqfuhdvh lq d+3, zloo pdnh

pxowlsoh htxloleuld ohvv olnho|1

H{dpsoh 61 Vxssrvh i+{, � h� � 4@+4 . {,/ dqg f+�> �, � +4 � � . 5�,f3= Zh fdq

frpsxwh wkdw d+�, @ y@5f3 � +4 � �,@51 Vxssrvh % @ 3=38> y@f3 @ 4=7> dqg w @ 3=88=

Zlwk wklv sdudphwhul}dwlrq/ zh nqrz wkdw � h{lvwv dqg htxdov @ 31;4; zkloh � grhv

qrw h{lvw1 Lq dgglwlrq/ wkhuh h{lvwv d xqltxh { @ 3=56< vxfk wkdw x+{> L{, @ 3= Rqh

fdq frpsxwh wkdw �� � !+{�, @ 3=589=

Wkh pxowlsoh htxloleulxp uhvxow lq wklv h{dpsoh dovr kdv qrwklqj wr gr zlwk wkh

h{dfw vshfl�fdwlrq ri K+{m�, xvhg dw wkh wzr hqgv1 Dv qrz �� lv derxw 7% deryh

wkh vwdwh � @ % @ 3=38/ wkh glvwulexwlrq ri K+{m�, dw wkh wzr hqgv fdqqrw lq xhqfh

wkh ydoxh ri x+n> Ln, dw wkh sur{lplw| ri n @ {�= Vlplodu wr Fdvh E/ wkh suhvhqfh ri

pxowlsoh htxloleuld khuh fdq eh olqnhg wr wkh qrq0prqrwrqlflw| ri x+n> Ln,1 Lq H{dpsoh

6/ wkh qrq0prqrwrqlflw| rffxuv dw n @ 3/ zkhuh x+3> L3, ? olp{&3 x+{> L{,/ dv ghslfwhg

lq Iljxuh 51

71 D Sduvlprqlrxv Fodvvl�fdwlrq dqg wkh Ydoxh ri +Qrq,wudqvsduhqf|

D sduvlprqlrxv fodvvl�fdwlrq ri vfhqdulrv fdq eh frqvwuxfwhg lq wkh +h�> w, vsdfh ri

Iljxuh 6/ lq zklfk wkh sdudphwhuv ri wkh PV prgho ehorqj wr rqh ri wkh sduwlwlrqv

lq wkh +h�> w, vsdfh1 Qrwh wkdw � h{lvwv li dqg rqo| li h� � i+4, � w � 3/ dqg wkdw �

h{lvwv li dqg rqo| li y � f+3> 3, � 31 Lq PV/ y dqg f+v> �, duh zulwwhq lqghshqghqw ri

h�1 Exw lq jhqhudo/ lw lv uhdvrqdeoh wr zulwh wkh qhw ehqh�w ri ghihqglqj wkh shj dv

y � f @ z+h�> v> �,/ zlwk wkh surshuw| wkdw Cz@Ch� ? 31 Wkdw lv/ wkh odujhu lv wkh
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ryhu0ydoxdwlrq/ wkh vpdoohu zloo eh wkh ehqh�w iru ghihqglqj wkh h{fkdqjh udwh/ fhwhulv

sdulexv1 Wkhuhiruh/ wkhuh vkrxog eh dq eh vxfk wkdw � h{lvwv li dqg rqo| li h� � eh1 Zh

zloo qrz eh deoh wr sduwlwlrq wkh vsdfh ri +h�> w, lqwr gl�huhqw uhjlrqv/ dv ghslfwhg lq

Iljxuh 61 Qrwh wkdw li vxfk dq eh grhv qrw h{lvw/ uhjlrqv F dqg G zloo vlpso| ydqlvk/

zkloh uhjlrqv D dqg E zloo h{sdqg ohiwzdug1

������������

Iljxuh 6

������������

Dq h{dplqdwlrq ri Iljxuh 6 txlfno| uhyhdov wkdw Uhjlrq D lv zkdw PV vwxg|1

Uhjlrq E dqg Uhjlrq F lq Iljxuh 6 ghslfw dq hfrqrp| frpsdudwlyho| zhdnhu dqg

vwurqjhu wkdq wkh rqh lq wkh PV prgho/ uhvshfwlyho|1 Uhjlrq E/ ru Fdvh E vwxglhg

deryh/ lv zkhuh wkh frvw ri vshfxodwlrq lv yhu| orz1 Uhjlrq F/ ru Fdvh F deryh/ lv

zkhuh wkh qhw ehqh�w iru wkh jryhuqphqw wr pdlqwdlq wkh shj lv dozd|v srvlwlyh lq

wkh devhqfh ri dwwdfnv�wklv lv srvvleoh li wkh h{fkdqjh udwh lv mxvw plogo| ryhuydoxhg1

Uhjlrq G lv d uhjlrq ri yljrurxv frqwhvw dv wkh vwdnhv iru vshfxodwlrq dqg iru ghihqglqj

wkh shj duh erwk kljk1

Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh nh| lqvljkwv iurp suhylrxv glvfxvvlrqv

dqg iurp Iljxuh 61

Sursrvlwlrq 71 Zkhq wkh hfrqrplf ixqgdphqwdov duh vwurqj/ l1h1/ � A ��/ +zhdn/

l1h1/ � � ��,/ wkh odfn ri frpprq nqrzohgjh +wkh suhvhqfh ri frpprq nqrzohgjh, ri

wkh ixqgdphqwdov dprqj pdunhw djhqwv zloo qrw lqfuhdvh � dqg lq prvw fdvhv zloo

ghfuhdvh � wkh lqflghqfh ri vshfxodwlyh dwwdfnv1

D fduhixo h{dplqdwlrq ri wkh PV prgho dqg Fdvh F uhyhdov wkdw zkhq wkh hfr0

qrplf ixqgdphqwdov duh vwurqj/ wkh odfn ri frpprq nqrzohgjh ri wkh ixqgdphqwdov
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ohdgv vshfxodwruv wrzdugv wkh vlqjoh qr0dwwdfn htxloleulxp iru wkh PV prgho dqg Fdvh

E/ zkhuhdv frpprq nqrzohgjh ri wkh ixqgdphqwdov ohdgv wr wzr htxloleuld/ dq dwwdfn

dqg d qr0dwwdfn htxloleulxp/ lq wkh ulsh0iru0dwwdfn uhjlrq1 Wkxv/ wkh lqflghqfh ri

vshfxodwlyh dwwdfnv zloo eh uhgxfhg li ixqgdphqwdov duh qrq0wudqvsduhqw1 Lq wkh vwdeoh

uhjlrq ri wkh PV prgho dqg ri Fdvh F/ lw grhv qrw pdwwhu zkhwkhu ru qrw wkh ixq0

gdphqwdov duh wudqvsduhqw/ dv wkhuh lv rqo| rqh qr0dwwdfn htxloleulxp lq hlwkhu fdvh1

Krzhyhu/ zkhq hfrqrplf ixqgdphqwdov duh zhdn lq wkh ulsh0iru0dwwdfn uhjlrq lq wkh

PV prgho dqg lq Fdvh E/ wkh odfn ri frpprq nqrzohgjh ri wkh ixqgdphqwdov ohdg

wr d vlqjoh dwwdfn htxloleulxp zkloh frpprq nqrzohgjh ri wkh ixqgdphqwdov ohdgv wr

wzr htxloleuld/ dq dwwdfn dqg d qr0dwwdfn htxloleulxp1 Wkh lqflghqfh ri vshfxodwlyh

dwwdfnv zloo eh uhgxfhg li ixqgdphqwdov duh wudqvsduhqw1 Wudqvsduhqf| zloo kdyh qr

lpsdfw lq wkh xqvwdeoh uhjlrq ri wkh PV prgho dqg ri Fdvh E/ ehfdxvh wkhuh lv rqo| d

vlqjoh dwwdfn htxloleulxp1 Dv iru Fdvh D dqg Fdvh G/ wudqvsduhqf| ri ixqgdphqwdov

pdnhv qr lpsdfw rq wkh lqflghqfh ri vshfxodwlyh dwwdfnv iru doo wkh ydoxhv ri �1

Vxssrvh wkh jryhuqphqw fdq revhuyh fohduo| wkh ixqgdphqwdov ri wkh hfrqrp| dqg

kdv wkh phdqv wr frqwuro wklv sxeolf lqirupdwlrq1 Wkh suhfhglqj glvfxvvlrq vxjjhvwv

wkdw/ vwudwhjlfdoo|/ wkh jryhuqphqw vkrxog qrw +vkrxog, sxeolfo| dqqrxqfh wklv lq0

irupdwlrq zkhq wkh ixqgdphqwdov duh vwurqj +zhdn,1 Dv d frqvhtxhqfh/ vshfxodwruv

fdqqrw lqihu dq| dgglwlrqdo lqirupdwlrq iurp wkh qr dqqrxqfhphqw vwudwhj| ri wkh

jryhuqphqw ehfdxvh wkh| fdq revhuyh rqo| wkhlu rzq sulydwh vljqdov ri wkh ixqgdphq0

wdov dqg duh xqfhuwdlq ri wkh eholhiv khog e| rwkhuv1

D uhpdun lv lq rughu khuh1 Dv phqwlrqhg lq wkh lqwurgxfwlrq/ wkhuh duh dowhuqdwlyh

gh�qlwlrqv ri wudqvsduhqf|1 Srolf| lpsolfdwlrqv ri wudqvsduhqf| ri frxuvh ydu| zlwk wkh

h{dfw phdqlqj ri wudqvsduhqf|1 Khlqhpdqq dqg Loolqj vkrz wkdw/ lq dq PV iudphzrun/

dq lqfuhdvh lq wudqvsduhqf| lq wkhlu gh�qlwlrq�d uhgxfwlrq lq wkh glvshuvlrq ri wkh
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sulydwh vljqdov pdunhw sduwlflsdqwv uhfhlyh�zloo vkliw wkh fulwlfdo �� wr wkh ohiw/ pdnlqj

fxuuhqf| dwwdfnv ohvv olnho|1 Dowkrxjk wkhlu uhvxow lv rewdlqhg lq d iudphzrun lq zklfk

erwk � dqg � h{lvw/ lw fdq eh vkrzq wkdw vxfk d uhgxfwlrq lq glvshuvlrq ri wkh sulydwh

vljqdov/ l1h1/ d uhgxfwlrq lq %/ zloo kdyh d vlplodu uhvxow lq rxu Fdvhv E dqg F1

81 Frqfoxglqj Uhpdunv

Wkh suhvhqw sdshu kdv vkrzq wkdw xqghu d eurdghu ydulhw| ri erxqgdu| frqglwlrqv/

qrlv| sulydwh revhuydwlrqv rq wkh ixqgdphqwdov gr qrw frpsohwho| holplqdwh pxowlsoh

htxloleuld1 Lq sduwlfxodu/ zh kdyh lqfoxghg lqwr wkh PV0iudphzrun fhuwdlq �vrxqg�

hfrqrplhv zkhuh ghihqglqj wkh shj lv vwloo yldeoh dw wkhlu zruvw srvvleoh ixqgdphq0

wdov dqg fhuwdlq �vkdn|� hfrqrplhv zkhuh dwwdfnlqj wkh shj dw wkhlu ehvw srvvleoh

ixqgdphqwdov fdq eh ehqh�fldo1 Zh kdyh vkrzq wkdw lq wkhvh h{whqghg vfhqdulrv/

dq htxloleulxp zlwk d vxffhvvixo dwwdfn dqg rqh zlwkrxw dwwdfn fr0h{lvw xqghu vrph

fhuwdlq frqglwlrqv1 Lq rwkhu zrugv/ wkhlu fodlp wkdw pxowlsoh htxloleuld rffxu lq vhoi0

ixo�oolqj fulvhv prghov lv dssduhqw krogv wuxh rqo| xqghu wkh vfhqdulr wkh| vwxg|1 Lw lv

suhpdwxuh wr juhhw wkh uhvhdufk e| PV�zkloh ydoxdeoh lq foduli|lqj wkh irxqgdwlrqv

ri pxowlsoh htxloleuld� dv d frqfoxvlyh surri wkdw pxowlsoh htxloleuld dqg vhoi0ixo�oolqj

fulvlv lv lqkhuhqwo| zhdn1

Rxu vwxg| vxjjhvwv wkdw vhoi0ixo�oolqj h{shfwdwlrqv duh jhqhudoo| xqdyrlgdeoh lq dq0

do|}lqj fxuuhqf| fulvhv1 Dqrwkhu dgydqwdjh ri wkh vhoi0ixo�oolqj h{shfwdwlrq sdudgljp

lv wkdw lw jlyhv pruh  h{lelolw| lq h{sodlqlqj �hog hyhqwv wkdq sdudgljpv edvhg rq

pdunhw ixqgdphqwdov1 Lw uhpdlqv dq hpslulfdo txhvwlrq zkhwkhu vshfxodwlyh fulvhv

rffxuuhg lq uhdvrqdeo| yldeoh hfrqrplhv duh dwwulexwdeoh wr PV*v xqltxh htxloleulxp

phfkdqlvp ru wr wkh pruh jhqhudo phfkdqlvp ri vhoi0ixo�oolqj dwwdfnv1

Wkh suhvhqw sdshu dovr �qgv wkdw/ lq jhqhudo/ wkh odfn ri frpprq nqrzohgjh ri
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wkh ixqgdphqwdov dprqj djhqwv zloo jhqhudwh ohvv lqflghqfh ri vshfxodwlyh dwwdfnv

wkdq shuihfw frpprq nqrzohgjh zkhq wkh hfrqrplf ixqgdphqwdov duh vwurqj/ zkloh

wkh rssrvlwh lv wuxh zkhq hfrqrplf ixqgdphqwdov duh zhdn1 Khqfh wkh fodlp rq

wkh vxshulrulw| ri wudqvsduhqw srolf| lq doohyldwlqj wkh lqflghqfh ri fxuuhqf| dwwdfnv

kdv wr eh txdol�hg lq d pruh jhqhudo iudphzrun146 Wklv uhvxow udlvhv grxewv rq wkh

frqwhqwlrq wkdw wkh qrq0wudqvsduhqf| ri wkh �qdqfldo vhfwruv dorqh fdq h{sodlq wkh

Hdvw Dvldq fxuuhqf| fulvlv/ dv prvw Hdvw Dvldq hfrqrplhv vhhp wr kdyh kdg yldeoh

ixqgdphqwdov1 Qrqhwkhohvv/ rxu uhvxow vkrxog qrw eh ryhuhpskdvl}hg dv wkh frqfhsw

ri wudqvsduhqf| lv vr lpsuhflvh +vr qrq0wudqvsduhqw$, wkdw gl�huhqw uhvhdufkhuv dqg

srolf| pdnhuv kdyh gl�huhqw lqwhusuhwdwlrqv1 Zh krsh wkdw ixwxuh uhvhdufk zrun fdq

foduli| wkh gl�huhqw phdqlqjv ri wudqvsduhqf| dqg wkhlu srwhqwldoo| gl�huhqw urohv lq

wuljjhulqj fxuuhqf| fulvhv1

Wkh fuxfldo dvvxpswlrq lq wklv sdshu wkdw ohdgv wr gl�huhqw uhvxowv iurp PV lv

wkdw/ lq hdfk ri wkh hfrqrplhv vwxglhg/ qrw doo ri wkh vwdeoh/ xqvwdeoh/ dqg ulsh0iru0

dwwdfn uhjlrqv duh ihdvleoh1 Zh kdyh mxvwl�hg wkhvh qhz fdvhv e| dooxglqj wr vrph

vw|ol}hg idfwv lq uhfhqw fulvhv/ dv zhoo dv wkh Revwihog*v fodvvl�fdwlrq ri hfrqrplhv1

Pruhryhu/ wkh fr0h{lvwhqfh ri wkuhh uhjlrqv lq dq hfrqrp| lv qrw dq lqglvshqvdeoh

ihdwxuh ri d vwdqgdug vhfrqg jhqhudwlrq prgho1 Wkh lqvljkw ri vhoi0ixo�oolqj fulvhv dv d

frqvhtxhqfh ri wkh wlph0lqfrqvlvwhqf| sureohp lq wkh prgho grhv qrw ghshqg rq vxfk

dq dvvxpswlrq1 Lq idfw/ xqghu frpprq nqrzohgjh ri ixqgdphqwdov/ doo ri Fdvhv D wr

G h{klelw wkh vdph lqvljkw wkdw wkh vhfrqg jhqhudwlrq prghov lqwhqghg wr pdnh +vhh

Revwihog/ 4<;9/ 4<<9> dqg Mhdqqh/ 4<<:,1 Frqvhtxhqwo|/ zkloh vwxg| Fdvh D dorqh

xqghu wkh dvvxpswlrq ri frpprq nqrzohgjh lv d uhdvrqdeoh uhvhdufk djhqgd/ lw pd|

46Wkh idfw wkdw qrq0wudqvsduhqf| frxog dyrlg dwwdfn lv qrwhzruwk|1 Lw frxog surylgh lqvljkwv zk|
edqn uhjxodwlrqv lq vrph dgydqfhg frxqwulhv shuplw d fhuwdlq ghjuhh ri xqrevhuydelolw|1
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eh plvohdglqj dqg uhvwulfwlyh rwkhuzlvh1

56



Dsshqgl{=

D1 OHPPD D1

Wkh iroorzlqj Ohppd/ zklfk lv suryhg lq PV/ lv qhhghg wr suryh Sursrvlwlrqv 5 dqg

61

Ohppd D41 +Pruulv dqg Vklq, Li �+{, � �3+{, iru doo { +ru � � �3/ lq vkruw,/ wkhq

x+{>�, � x+{> �3, iru doo {=

E1 SURRI RI OHPPD 4

Surri1 Frqwlqxlw| dqg Ghfuhdvlqjqhvv ri x+{> Ln, lq { iru doo {=

Zulwlqj h��i+�, dv U+�,> qrwlqj wkdw U+�, lv vwulfwo| ghfuhdvlqj lq �/ dqg pdnlqj

xvh ri lqwhjudwlrq e| sduw/ zh kdyh

x+{> Ln, @

]
^3>!+n,`

U+�,gJ+�m{,� w

@ U+�,J+�m{,m
�@!+n,

�@3 �

] �@!+n,

�@3
J+�m{,gU+�,� w

@ U+!+n,,J+!+n,m{, �U+3,J+3m{, +D4,

.

] U+3,

U+!+n,,

J+U�4+|,m{,g| � w

Frqwlqxlw| ri x+{> Ln, iroorzv lpphgldwho| iurp wkh frqwlqxlw| ri J+=m{, lq {1 Xvlqj

wkdw J+3m{, @ 3 iru doo {/ gl�huhqwldwlrq ri +D4, zlwk uhvshfw wr { jlyhv

gx+{> Ln,

g{
@ U+!+n,,

gJ+!+n,m{,

g{� ~} �
�3

.

] U+3,

U+!+n,,

gJ+U�4+|,m{,

g{� ~} �
�3

g|

� 3=

F1 SURRI RI SURSRVLWLRQ 51
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Surri1 Zh �uvw vkrz wkdw li wkhuh lv vrph { 5 +3>4, vxfk wkdw x+{> L{, @ 3/ wkh

vpdoohvw rqh {� vxfk wkdw x+{�> L{� , @ 3 pxvw dovr h{lvw1 Qrwh wkdw x+{> L{, lv

frqwlqxrxv lq { iru { 5 +3>4,= Vxfk {� grhv qrw h{lvw rqo| li lqi i{mx+{> L{, @ 3j @ 31

Wklv lv lpsrvvleoh iru wkh iroorzlqj uhdvrq1 Frqvlghu dq| { ? %1 Wdnlqj lqwr dffrxqw ri

Ohppd D dqg wkh idfw wkdw � A 5%/ zh kdyh x+{> L{, @ x+{> L3, A 3= Wklv frqwudglfwv

lqii{mx+{�> L{� , @ 3j @ 3=

Zh qh{w vkrz wkdw �� @ !+{�, ? 4= Dvvxph wkh frqwudu|1 Wkhq !+{�, @ 4 dqg

D+L{�, @ ^3>4`= Zh kdyh

x+{�> L{� , @

]
^3>4`

+h� � i+�,,gJ+�m{�,� w A h� � i+4,� w A 3=

Wklv lv frqwudglfwru| wr wkh dvvxpswlrq wkdw x+{�> L{�, @ 3= Khqfh �� ? 4=

Zh fdq qrz vkrz wkdw wkhuh duh pxowlsoh htxloleulxp rxwfrphv iru � A ��= Lw lv

vwudljkwiruzdug wr yhuli| wkdw erwk L4 dqg L{� duh htxloleulxp vwudwhj| sur�ohv1 Zkhq

vshfxodwruv frruglqdwh wr L4/ wkh jryhuqphqw zloo dedqgrq wkh fxuuhqf| shj iru doo

�> dqg lq sduwlfxodu iru � A �� @ !+{�,1 Wklv dffrxqwv iru wkh froodsvh ri fxuuhqf|

shj dv dq htxloleulxp rxwfrph iru � A ��= Vwudwhj| sur�oh L{� lv dovr dq rswlpdo

vwudwhj| sur�oh iru wkh iroorzlqj uhvxow1 Ehfdxvh ri Uhvxow 6 ri Ohppd 4/ zh kdyh

x+{> L{�, � x+{�> L{� , iru { ? {� dqg x+{> L{�, � x+{�> L{�, iru { � {�= Jlyhq L{� lv

xvhg/ �� � !+{�, lv wkh juhdwhvw vwdwh dw zklfk dwwdfn zloo eh vxffhvvixo1 Wkhuhiruh/

iru � A ��/ pdlqwdlqlqj wkh shj lv dq htxloleulxp rxwfrph dv zhoo1

Lw lv vwudljkwiruzdug wr vhh wkdw/ iru � � ��> dedqgrqphqw ri wkh shj lv dq htxl0

oleulxp rxwfrph +zklfk lv vxssruwhg e| erwk L{� dqg L4,1 Zkdw uhpdlqv wr vkrz

lv wkh xqltxhqhvv ri wklv htxloleulxp rxwfrph1 Vxssrvh wkh frqwudu|1 Wkhq wkhuh

pxvw h{lvw dq htxloleulxp vwudwhj| sur�oh � vxfk wkdw v+�> �, � d+�, iru vrph � ? ��1
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Gh�qh { @ lqii{m�+{, ? 4j= Fohduo|/ wr kdyh wkh vdlg surshuw|/ { pxvw h{lvw dqg eh

vwulfwo| ohvv wkdq {�= Li { @ 3> vrph vshfxodwruv zlwk vljqdov vx!flhqwo| forvh wr }hur

duh suhvfulehg qrw wr dwwdfn1 Wklv fdqqrw frqvwlwxwh dq htxloleulxp/ dv wkh vshfxodwru

zlwk vljqdo ohvv wkdq % nqrzv wkdw wkh wuxh vwdwh � ? 5% ? � dqg �qgv lw lq klv vwulfw

lqwhuhvw wr dwwdfn1 Khqfh 3 ? { ? {�1 Frqvlghu d vhtxhqfh i{lj � i{m�+{, ? 4j wkdw

duh frqyhujhqw wr {1 Vlqfh iru doo vxfk {l> x+{l> �, � 3/ Ohppd D lpsolhv wkdw iru

doo {l> x+{l> L{, � 3= Ehfdxvh ri wkh frqwlqxlw| ri x+{> L{, lq { iru { 5 +3> 4, +Uhvxow

5 ri Ohppd 4,/ zh kdyh x+{> L{, � 3= Wkh dvvxpswlrq � A 5% lpsolhv x+{> L{, pxvw

eh vwulfwo| srvlwlyh iru { vx!flhqwo| forvh wr }hur1 Uhvxow 4 ri Ohppd 4 +frqwlqxlw|

ri x+{> L{,, lpsolhv wkdw wkhuh pxvw h{lvw vrph {
3 � { ? {� vxfk wkdw x+{3> L{3, @ 31

Wklv frqwudglfwv wkh idfw wkdw {� lv wkh vpdoohvw { wkdw pdnhv x+{> L{, @ 3= Wklv

frpsohwhv wkh zkroh surri1

G1 D FKDUDFWHUL]DWLRQ RI j+�m{, DQG x+{> Ln, IRU H[DPSOHV

4 WR 6=

Iru { @ 3>

j+�m{, @

;AA?
AA=

5
%
� 5�

%5
li � � %

3 rwkhuzlvh

Iru 3 ? { � %>

j+�m{, @

;AA?
AA=

4
{.% li � � {. %

3 rwkhuzlvh

Iru % ? { ? 4� %>

j+�m{, @

;AA?
AA=

4
5% li {� % � � � {. %

3 rwkhuzlvh

59



Iru { � 4� %>

j+�m{, @

;AA?
AA=

4
4�{.% li � � {� %

3 rwkhuzlvh

Iru { @ 4>

j+�m{, @

;AA?
AA=

5
%
� 5+4��,

%5
li � � 4� %

3 rwkhuzlvh1

Lq jhqhudo/

x+{> Ln, @

]
^3>!+n,`_^{�%>{.%`

+h� � i+�,,j+�m{,g�� w=

5:



Figure 1: A diagramatic analysis of Case B:
Ix* and 1I  are equilibrium strategies

( ).,.u

( )xIx,u = ( )xIx,u
for x < 1

( )u 1, I1

( )1I1,u

0 1
x

θ

( )0I0,u

= ( )0I0,u
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( )0I0,u

Figure 2: A diagramatic analysis of Case C:
I0 and Ix* are equilibrium strategies

( ).,.u

x

( )1I1,u

= ( )1I1,u

( )xIx,u = ( )xIx,u
for x > 0

θ
1

A

A’

x*

( )u 0,I0

( )0Ix,u
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Region A: Both θ and θ exist. (MS’s Theorem 1)
Region B: Only θ exists. (Proposition 2)
Region C: Only θ exists. (Proposition 3)
Region D: Neither θ nor θ exists. (Proposition 1)

Figure 3: A typology of scenarios studied
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Uhihuhqfhv

^4` Fkdqj/ U1 dqg D1 Yhodvfr +4<<;,/ �Ilqdqfldo Fulvhv lq Hphujlqj Pdunhwv= D

Fdqrqlfdo Prgho� QEHU Zrunlqj Sdshu Qr1 99391

^5` Fruvhwwl/ J1/ S1 Shvhqwl dqg Q1 Urxelql +4<<;,/ �Sdshu WljhuvB D Prgho ri wkh

Dvldq Fulvlv/� Plphr1 Q\X1

^6` Ixupdq/ M1 dqg M1 H1 Vwljolw} +4<<;,/ �Hfrqrplf Fulvhv= Hylghqfh dqg Lqvljkwv

iurp Hdvw Dvld� Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylwlhv 51 404681

^7` Khlqhpdqq/ I1 dqg J1 Loolqj +4<<<,/ �Vshfxodwlyh Dwwdfnv= Xqltxh Vxqvsrw Htxl0

oleulxp dqg Wudqvsduhqf|/� Xqlyhuvlw| ri Iudqnixuw/ plphr1

^8` Mhdqqh/ R1 +4<<:, �Duh Fxuuhqf| Fulvhv Vhoi0ixo�oolqjB D Whvw1� Mrxuqdo ri Lq0

whuqdwlrqdo Hfrqrplfv1761 59605;9

^9` Nlqj/ P1 +4<<<, �Uhiruplqj wkh Lqwhuqdwlrqdo Ilqdqfldo V|vwhp= Wkh Plggoh

Zd|1� Ilqdqfldo Vwdelolw| Uhylhz/ Lvvxh :/ Qryhpehu1 Edqn ri Hqjodqg1 5360544

^:` Nuxjpdq/ S1 +4<:<, �D Prgho ri Edodqfh0ri0sd|phqwv Fulvhv� Mrxuqdo ri Prqh|/

Fuhglw dqg Edqnlqj/ 441 64406581

^;` bbbbbbbbbbb1 +4<<;,/ �Zkdw Kdsshqhg wr DvldB� Plphr1 PLW1

^<` Pruulv/ V1 dqg K1 V1 Vklq +4<<;d,/ �Xqltxh Htxloleulxp lq d Prgho ri Vhoi0

Ixo�oolqj Fxuuhqf| Dwwdfnv/� Dphulfdq Hfrqrplf Uhylhz/ ;; +6,/ 8;:08<:1

^43` bbbbbbbbbb dqg bbbbbbbbb +4<<;e,/ �D Wkhru| ri wkh Rqvhw ri Fxu0

uhqf| Dwwdfnv/� FHSU zrunlqj sdshu1

^44` Revwihog/ P1 +4<;9,/ �Udwlrqdo dqg Vhoi0ixo�oolqj Edodqfh ri Sd|phqwv Fulvhv�

Dphulfdq Hfrqrplf Uhylhz1 :9+4,=:50;41

5;



^45` bbbbbbbbbbb +4<<7, Wkh Orjlf Ri Fxuuhqf| Fulvhv1 Fdklhuv Hfrqrpltxhv

hw Prqhwdluhv 76/ 4;<05461

^46` bbbbbbbbbbb +4<<9,/ �Prghov ri Fxuuhqf| Fulvhv zlwk Vhoi0ixo�oolqj Ihd0

wxuhv� Hxurshdq Hfrqrplf Uhylhz/ 73=436:07:1

^47` Srvwohzdlwh/ D1 dqg [1 Ylyhv +4<;:,/ �Edqn Uxqv dv dq Htxloleulxp Skh0

qrphqrq1� Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8+6,/ ss1 7;80<41

^48` Udghohw/ V1 dqg M1 G1 Vdfkv +4<<;,/ �Wkh Hdvw Dvldq Ilqdqfldo Fulvlv= Gldjqrvlv/

Uhphglhv/ dqg Survshfwv1 Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylwlhv1 41/ 40:71

^49` Veudfld/ P dqg D1 ]djklql +4<<<,/ �H{shfwdwlrqv dqg Lqirupdwlrq lq Vhfrqg

Jhqhudwlrq Fxuuhqf| Fulvhv Prghov/� Plphr/ Uhvhdufk Ghsduwphqw/ Edqn ri

Lwdo|1
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